A split symmetric pair that is p-stable,
not stable, and has unramified multiplicity one
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Abstract

We give an explicit symmetric pair over Qs whose ambient group is split and semisimple.
The pair is p-stable but not stable in the sense of Carmeli. For the specified split
integral model and its hyperspecial subgroup K = G(Z3), every irreducible K-spherical
representation has at most one invariant linear form. The proof includes an explicit closed
double coset witnessing failure of stability and treats the exceptional self-twist case in
the multiplicity argument. The fixed choice of K is part of the assertion; the involution
does not preserve it.

1 Statement and conventions
Throughout,
k:Qg, 0223, v = U3, U(S):l.

Representations are smooth and complex, and tensor products are algebraic tensor products.
The smooth contragredient is denoted by 7V. Irreducible smooth representations of the
reductive groups considered here are admissible. The space Homp (7, C) consists of all
H-invariant linear forms on the smooth representation space.

An unramified representation here means an irreducible representation with a nonzero
vector fixed by the particular subgroup K below. This includes every irreducible K-spherical
representation, including those arising at reducible or singular principal-series parameters.

Define group schemes over o by

G ={(A,B) € GLy x GLy : det A det B = 1}, (1.1)

G =G/{(tl;,t ') 1t € G }. (1.2)
The quotient is by the displayed central split torus. Put
G = Gy, G = G(k), K =G(o).
Write [A, B for the class of a matrix pair. Set D = diag(3,1,1,1) and define
0[A,B] = [DBD ', D'AD], H=GY  H=H(k) =dq" (1.3)
In particular, H is the full fixed subgroup.

Theorem 1.1. The construction has the following properties.
(1) G is split semisimple of type As x As, and K = G(0) is a hyperspecial subgroup of G.

(2) The pair is p-stable: H has exactly one open orbit on G/ P for every k-parabolic subgroup
P.



(3) The pair is not stable: some double coset HgH is closed but 0(g~') ¢ HgH.

(4) For every irreducible smooth representation 7 of G,
™40 =— dimcHompg(r,C) < 1.

We use stability and p-stability as in [1, Definitions 2.1 and 5.1]. Openness and closedness
refer to the local-field topology on rational points. With

olg)=0(g7"),  s(g)=go(g),

stability requires every closed H-double coset to be preserved by o. We prove the four
assertions in the following sections.

2 The split group and its integral and fixed points

2.1 The integral model
Lemma 2.1. There is an isomorphism of split semisimple group schemes over o

SL4 X SL4

O (G D)z e )

Moreover,

G ={(A,B) € GLy(k)? : det A det B = 1} /{(tI4,t ' 14) : t € k*},
K ={(A,B) € GLy(0)?*: det A det B = 1} /{(tI4,t 1)) : t € 0™}.

Proof. The inclusion of SL4 x SL4 into G induces a map to G with kernel the displayed anti-
diagonal copy of pg. Given (A, B) € G, after an fppf extension choose t with ¢4 = (det A)~L.
The equivalent representative (tA,t~1B) has both determinants equal to 1. This proves
surjectivity as fppf sheaves and the asserted central quotient. A central quotient of a split
semisimple group scheme is split semisimple. Thus G is a split reductive integral model, and
K = G(o) is hyperspecial.

For the formulas on points, use

1—>Gm—>g~—>9—>1.

The obstruction to lifting an R-point of G lies in Hflppf(R, G,,) = Pic(R). This vanishes for
both R = k and R = 0. Hence every point lifts, and two lifts differ by the stated central
torus. O

Remark 2.2. One must not identify G with (SL4(k) x SL4(k))/pa(k): taking rational points
of that finite central quotient need not be surjective. Lemma 2.1 uses a split central torus
and therefore gives the actual rational and integral points.

Let
0o[A,B] = [B,A],  aplA,B]=[DAD™' B].

These are well-defined k-automorphisms where appropriate, and
0 = apboar. (2.1)

Thus 6 is an involution. The group G is connected, so G/H is connected; the construction is
a symmetric pair with the conventions of [1].



Lemma 2.3. For Hy = G%, one has
Hy = {[C,tC] : C € GLy(k), t € k™, (det C)*t* =1}, (2.2)
H ={[DCD',tC]: C € GLy(k), t € kX, (det O)*t* = 1}. (2.3)
Every C occurring in these formulas has v(det C) even.
Proof. The equality [B, A] = [A, B] means B =tA and A = t~'B for some t € k*. Taking

C = A, the determinant condition is (det C')2t* = 1. This proves (2.2); applying ap gives (2.3).
The determinant equation is equivalent to det C' = 4¢~2, proving the parity assertion. ]

2.2 A finite-index description

Set
A=PGCLy(k), Ka=PGLy(0), A=Fk/(k)

For a matrix lift @ of @ € A, define
§(a) = det(@) mod (K*)%.

This is well-defined because scalar changes of lift multiply the determinant by a fourth power.
Put

N=AXxA, M ={(a,b) € N : 6(a)d(b) = 1},
J=Mn(Kgx Ky), (2.4)
€(a) = (—1)v(detg), L =kere.
The character € is likewise independent of the lift.
Lemma 2.4. The map q: G — N, [A, Bl — (A, B), has image M and central kernel
Zo = {14, In], [ 14, 4]} C KN H.
Its images on K and H are
¢K)=J,  qH)=H ={(dhd”*,h):he L}, d=D. (2.5)

Furthermore,
N/M ~ A ~ Cy x Cy, (KA x Ky)/J ~Cs.

Proof. The image of ¢ is contained in M. Conversely, if (a,b) € M, choose matrix lifts A, B.
Then det Adet B = ¢* for some ¢ € k*. Replacing A by ¢ 'A yields a pair in G (k). Thus
a(G) = M.

A kernel element is represented by (aly, bl) with (ab)* = 1, and its class equals [(ab)Iy, I].
Since 14(Qs) = {1, —1}, the kernel is exactly Zy. Its elements are integral and fixed by 6.

Clearly ¢q(K) C J. Given an element of J, choose lifts A, B € GL4(0); these exist because
Pic(0) = 0. Again det Adet B = c¢*. Since the left-hand side is a unit, ¢ € 0*. The same
determinant correction is therefore integral, proving ¢(K) = J.

The decomposition

kX =3% x {1,-1} x (1 + 3Z3)

and the bijectivity of fourth powers on 1 + 3Z3 show that A ~ (Z/4Z) x {1,—1}. The
elements of A whose squares equal 1 are exactly those with even valuation. Also, each element
of k™ of even valuation is either a square or the negative of a square.

Lemma 2.3 now gives ¢(H) C H'. Conversely, for h € L, choose a lift C. Its determinant
has even valuation, so det C = 4t~2 for some ¢t € k*. Then [DCD~ ! tC] € H maps to
(dhd=', h). This proves q(H) = H'.

Finally, the product-determinant map N — A is surjective with kernel M. Its image on
Ka x Ky is 0% /(0%)* ~ Cy, giving the last assertions. O



3 p-stability
Proposition 3.1. The pair (G, H,0) is p-stable.

Proof. Let Fl be the complete flag variety of k*. The full flag variety of G is F1 x F1, since

central isogenies do not change flag varieties. Its rational points equal G/Bg for a minimal

parabolic Bg. This is also clear from the transitivity of each factor SL4(k) on complete flags.
The subgroup

Hy ={[DSD™',8]: S € SLy(k)}

lies in H. Consider
Q= {(F,F;) : D"'F| and F, are opposite complete flags}.

Opposition means
(DR o=k (r=1,2,3).

These are nonvanishing determinant conditions, so €2 is nonempty and open.

Choosing bases adapted to opposite flags proves that GLy(k) acts transitively on ordered
opposite pairs. The stabilizer of a standard opposite pair contains every invertible diagonal
matrix, and its determinant map is therefore surjective. Multiplying a transporting matrix
by a stabilizer element makes its determinant 1. Thus SL4(k) also acts transitively. Apply
this to (D~1Fy, Fy) to conclude that Hj is transitive on Q.

By (2.5), every element of H acts on this transformed pair by simultaneous projective
change of basis. Hence H preserves €, so () is a single H-orbit. Its complement is a proper
algebraic closed subset of the flag product and has empty interior in the local-field topology;
equivalently, the other Bruhat relative-position strata have smaller dimension. No orbit
in that complement can be open. Thus there is exactly one open H-orbit on the minimal
parabolic quotient.

All minimal parabolic subgroups are G-conjugate. By [1, Definition 5.1 and the following
sentence|, checking these quotients suffices for p-stability, proving the assertion for every
parabolic quotient. ]

4 An explicit closed double coset that is not stable

4.1 An even-valuation centralizer

Let
E = k(i,u), i =1, u? = 3.

The extension k(i)/k is unramified quadratic, since T? + 1 is irreducible over F3. The
polynomial 72 — 3 is Eisenstein over k(7). Thus E/k is biquadratic, of degree 4, ramification
index 2, and residue degree 2.

Set, . . .
l1+u+: _ 6 + 5u + 307 + 12us

=u - = (4.1)
1—u+1 13
Its multiplication matrix in the basis (1, u,, ui) is
-6 —-15 30 36
1| = _
) 6 12 30 (4.2)

“13|-30 —36 -6 —15
12 —30 -5 —6



Lemma 4.1. The matriz X is semisimple, k[X]| ~ E, and

24
det X =9,  trX —=——.
¢ ’ g 13

If C € GL4(k) and CXC™1 = aX for a € k*, then a = 1 and v(det C) is even. Every
projective centralizer of X~ also has even determinant valuation.

Proof. Expansion gives (4.1). Each coefficient of w, i, ui is nonzero. Every nonidentity element
of the biquadratic Galois group changes the signs of at least two of those basis elements,
so none fixes x. Therefore k[x] = E, and multiplication by = has a separable degree-four
minimal polynomial. This proves semisimplicity.

Let ¢ € Gal(E/k(i)) send u to —u. It sends the fraction in (4.1) to its inverse, so that
fraction has norm 1 to k(7), and hence to k. Since

Ng/p(u) = Nyayn(=3) =9,

we get det X = Np/,(z) =9. The trace is four times the constant coefficient of z, namely
—24/13.

If CXC~! = aX, taking traces forces a = 1. Because k[X] = E, every endomorphism
commuting with X is F-linear on the one-dimensional E-space E. Hence

ZaL,k(X) = EX

under the multiplication embedding. Its determinants are norms. If vg is normalized to have
value group Z, the local norm valuation formula gives

v(Npsi(€)) = f(E/k)vp(e) = 2vp(e),

which is even. Finally, CX 'C~! = aX ! implies CXC~! = a1 X, so the same conclusion
applies to X 1. ]

4.2 The double-coset obstruction
Proposition 4.2. For
g=[DX'. D],
the double coset HgH is closed, but §(g~') ¢ HgH. Thus the pair is not stable.
Proof. Begin with the swap pair (G, Hy, 6y) and put
go=[X"'D,D].

This is in G, since det(X ~'D)det D = 971.3-3 = 1. For o¢(2) = 0p(27!), direct multiplication
yields
UO(QO) = [D_17D_1X]7 9000(90) = [X_17X]' (43)

The second element is semisimple. By [1, Theorem 4.13, p. 11], a double coset for a symmetric
pair is closed precisely when its symmetrization is semisimple. Thus HyggHj is closed.
Use the map
r: G — PGLy(k), r([A4, B]) = AB~L

This is well-defined: changing the representative by (¢,#~!) multiplies AB~! by a scalar. For
hi = [C,tC] and hg = [F, sF| in Hy, multiplication gives

r(hizhg) = 67“(2)671. (4.4)



Before projectivizing, the relative matrix is (ts)"'C(AB~!)C~!. By Lemma 2.3, v(det C) is
even.
Now

r(go) = X1, r(o0(go)) = D-1X-1D.
)

If 09(g0) € HogoHop, equation (4.4) gives a C of even determinant valuation with

CX-1C-1=D-1X-1D.

Thus DC projectively centralizes X ~!. But v(det DC) = 1 + v(det C) is odd, contradicting
Lemma 4.1. This proves nonstability of that closed double coset. Only the displayed
equivariance of r is used; no identification of a rational homogeneous quotient with all of
PGL4(k) is required.

Finally, ap is a homeomorphism on rational points, sends Hy to H, and intertwines the
associated anti-involutions. It sends gg to

ap(go) = [DX_I,D] =g.

It therefore carries the closed, nonstable double coset to the one asserted. Directly, its
symmetrization is

90(9”") = [DX~'D™! X].
O

5 Multiplicity one for every irreducible unramified represen-
tation

Retain the notation of (2.4). The following identities will be decisive:

e(d) = —1, €(a)e(b) =1 ((a,b) € M). (5.1)

5.1 Descent and a spherical ambient representation

Lemma 5.1. Every irreducible K -spherical representation w of G descends to a representation
v of M, with
7TK:7T}\]/[, HOIHH(W,C) :HOHIH/(WM,C).

Proof. The kernel Zj of ¢ is central and lies in K. Schur’s lemma makes each of its elements
a scalar on 7; that scalar is 1 because it fixes a nonzero K-fixed vector. Thus 7 descends.
The equalities follow from ¢(K) = J and ¢q(H) = H'. O

Define the quadratic character A : k* — {1,—1} by

1 =1
ABw)={ " (mod 3), u € o,
—1, u=-1 (mod 3),

It is trivial on fourth powers, so x(a) = A(det @) defines a character of A. Its restriction to
K 4 is nontrivial.

Lemma 5.2. If 7 is irreducible and K a-spherical, then

dim 754 =1, Homg , (k,7) = 0.



Proof. Fix an Iwahori subgroup inside K 4. The representation 7 has Iwahori-fixed vectors,
so [2, Proposition 2.6, p. 396] embeds it in an unramified principal series I(). Here x is
trivial on the integral diagonal torus, and induction from the upper triangular Borel By is
normalized. Iwasawa decomposition gives

K
I(X) |k, = Indpink, 1,

because both y and the modulus are trivial on B4 N K 4. The fixed vectors of this compact
induced model are the constant functions, a one-dimensional space. The embedding and
754 2£ (0 prove the first assertion.

Compact Frobenius reciprocity gives

Hompg , (/Q,Indg:mKA 1) = Homp,nk,(k,1) = 0.

Indeed, & is nontrivial on the class of diag(—1,1,1,1) in B4 N K 4. The same vanishing holds
in the subrepresentation 7. ]

Lemma 5.3. For every irreducible admissible J-spherical representation m of M, there exist
irreducible K 4-spherical representations 11,7 of A such that

V:TllzTQ

restricts semisimply to M and contains 7 as its unique J-spherical irreducible summand, with
multiplicity one. In particular, dimV’ = 1, and 7 is generated by the usual spherical tensor.

Proof. We first supply the finite-index argument. Form W = C—Indf\\g . Since M is open of
finite index, its restriction to M is a finite direct sum of conjugates of 7, and W is admissible.
It is cyclic as an N-module: any nonzero vector of the irreducible 7w generates that copy of «,
and its N-translates generate all of W. A cyclic module has a maximal proper submodule,
hence an irreducible quotient V. This quotient is smooth and admissible: taking invariants
under a compact open subgroup is exact over C, by averaging.

Frobenius reciprocity applied to the nonzero quotient map W — V{ gives a nonzero map
m — Vo|ar, which is injective by irreducibility. The finitely many translates of this copy of ,
one for each coset of M in N, span V{ because Vj is irreducible. Each translate is a simple
M-submodule since M is normal. A finite sum of simple submodules is semisimple. Thus
Volas is a finite direct sum and contains 7 as a direct summand. These are also the standard
finite-index conclusions recorded in [4, Lemmas 2.1(a) and 2.3].

Now Vi’ # 0. The finite group (K4 x K4)/J ~ Cs acts on this space, and has the two
characters 1 and k X k. The latter character extends to N and is trivial on M, because

k(a)k(b) = Mdetadetb) =1  ((a,b) € M).

Choose an eigenspace in VOJ , and twist Vj by either 1 or k X k to make that eigenspace fixed
by K4 x K 4. Denote the twisted representation by V. Its restriction to M is unchanged.
Using the tensor-product description of irreducible admissible representations of a direct
product (see [3]), write V = 71 ¥ 7. Both factors are K 4-spherical. Since the compact
quotient has order two,
VI = VEAEA ¢ Vg Rk,

where the second term is its indicated character-isotypic space. It is zero by Lemma 5.2.
Consequently
vy = TlK 4 TQK A
is a line.
The semisimple restriction V|js therefore has exactly one irreducible summand with
J-fixed vectors, occurring once. It is the prescribed 7. Its nonzero spherical tensor generates
it by irreducibility. O



5.2 The ambient period space

Lemma 5.4. For V =1 X1 as above,
Homp (V,C) ~ Homy (11,7 ),

and
dim Hompg/ (V,C) = 1{7_1:T2V} + 1{71:'7'2V®e} <2 (5.2)

Proof. A linear form on the tensor product is a bilinear form. Replacing its first argument v
by 71(d)v converts invariance under (dhd~!, h) to invariance under (h, k). The latter bilinear
forms are L-intertwiners 71 — 75 .

There is no smooth-dual issue: if v is fixed by an open subgroup U of L, invariance makes
the functional in the second argument U-fixed. It is therefore smooth for L, and hence for A,
since L is open in A.

Since A/L has order two, finite-index Frobenius reciprocity, or the decomposition Ind’il 1=
1 ® e, yields

Homy (11, 7) ~ Hom(71, 7 ) © Homu (1,75 @ €).

Explicitly, A/L acts on the left side by
a-T=1(a)Tr(a)"
Its trivial and sign eigenspaces give the two displayed spaces. Schur’s lemma gives (5.2). [

Lemma 5.5. Every H'-invariant linear form on the summand 7 of Lemma 5.3 extends to
an H'-invariant linear form on V.

Proof. Semisimplicity gives an M-equivariant projection p : V' — 7 that is the identity on .
Since H' C M, the form £ o p extends any H'-period ¢ on . O

5.3 The exceptional self-twist case

Proposition 5.6. If the dimension in (5.2) is 2, then the J-spherical summand satisfies
HOII]H/(TF, C) =0.

Proof. Both indicators in (5.2) are 1. Identify

=", 7'2:7'\/, TXTRE.

Choose an invertible intertwiner S such that
S7(a) = e(a)T(a)S (a€A). (5.3)

It preserves the spherical line because €|k, = 1. Normalize S to fix a nonzero spherical vector
vo. Then S? commutes with 7(A), so Schur’s lemma makes it scalar; evaluating at vy gives
52 =1.

On the smooth dual set SV (w) = woS. This fixes the dual spherical line. Indeed, averaging
over K 4 shows that evaluation identifies (7V)®4 with the dual of 754. Choose wy in that
line with wg(vg) = 1. The operator S preserves the line and (SVwg)(vg) = wo(Svp) = 1, so
vao = wy.

Put U=S®SY onV =7KX71". Equation (5.3) and its dual give

U(r(a) ® 7V(b) = e(a)e(d)(t(a) @ 7V (b))U.



By (5.1), U commutes with M. Tt fixes vg ® wp, which generates m as an M-representation.
Hence
Ul = 1. (5.4)

The period space on V' is identified with Endy (7), which is spanned by 1 and S. Its
corresponding basis is

loc(vew)=w(Crd) '), C=1,8. (5.5)
To check invariance directly, C' commutes with 7(L), and for h € L,

lo(r(dhd Yo @ 7V (h)w) = w(r(h)rCr(h)T(d) 1v)
= EC(U X w).

The sign €(d) = —1 gives S7(d)~! = —7(d)~1S. Since C commutes with S and S? = 1,

(o (U@ ®w)) = w(SCr(d) ™' Sv)
= —w(Cr(d)""v) = —lo(v ® w).

Thus every H'-period on V is U-odd. By (5.4), every such form vanishes on 7. Lemma 5.5
extends every period on 7 to one on V, so the period space on 7 is zero. O

Proof of the multiplicity assertion in Theorem 1.1. Let m be any irreducible K-spherical rep-
resentation of G. Descend it to a J-spherical representation of M by Lemma 5.1, and choose
V as in Lemma 5.3.

If dim Hom g (V, C) < 1, Lemma 5.5 gives dim Hom g (7, C) < 1. If the ambient dimension
is 2, Proposition 5.6 gives the stronger conclusion that the period space on 7 is zero. These
exhaust the possibilities by (5.2). The descent identifies this space with Homg (7, C), proving
the claim.

Together with Lemma 2.1, Proposition 3.1, and Proposition 4.2, this proves all of Theo-
rem 1.1. O

6 The role of the specified hyperspecial subgroup

The conclusion is relative to K = G(Z3) for the split model (1.2). Twisting by D changes the
position of the fixed subgroup relative to K, while stability and p-stability are unchanged
under ap.

The involution does not preserve K. For example, with 15 the standard matrix unit,

[Is + Er2, I4] € K, 014+ Fro, Iy] = [Iy, I, + 37 'E1o] ¢ K.

Indeed, another representative of the latter class is (t14,t~ (14 + 371 E12)). Its first component
belongs to GL4(0) only if ¢ is a unit; then the second still has a nonintegral entry.

The sign €(d) = —1 makes the two potentially competing periods vanish on the fixed-K
spherical constituent. The theorem does not assert a bound uniformly over arbitrary choices
of hyperspecial subgroup, and does not impose 6(K) = K. It proves the requested bound for
every irreducible representation with 7% £ 0, without genericity, temperedness, or unitarity
restrictions. The bound is attained by the trivial representation.
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