L-FUNCTORIALITY FOR DUAL PAIRS

RUI CHEN

1. INTRODUCTION

This is a study note for Adams’ paper ”L-functoriality for dual pairs” [Ada89]. The Adams’ conjecture
play a very important role for the connection of theta correspondence with Langlands program.

2. ARTHUR PACKETS

In this section, we introduce the Arthur packets following Adams’ original definition. Of course, we have
the ABV packets nowadays.

Let ¥ be an admissible homomorphism, the definition of II(¥) has two steps: construction of a unipotent
Arthur-packet for G for the Levi component L of a parabolic subgroup of G(C) and induction from L to G,
the induction step is a combination of real parabolic induction, and cohomological induction from a #-stable
parabolic subalgebra of g.

We want to use the E-groups, and the conjugacy classes of admissible homomorphisms ¢ : W — PG
parametrizes the L-packet of the genuine representation of G, a certain two fold covering group of G.

Let ¥ be an admissible homomorphism, to ¥ we can associate an infinitesimal character yy and Oy a
unipotent orbit: the image of C* is contained in L7° of LG, we write ¥(z) = 22 € X, (LT?), we let xg
be the infinitesimal character of G corresponding to A + p via the Harish-Chandra homomorphism. Next for
VU|sr,(c) by the Jacobson-Morozov theorem, it corresponds to a unipotent orbit LOyg of LG ( by orbit we
will always mean coadjoint orbit in the dual of a Lie algebra or conjugacy class in a Lie group). We note
that A\ = dV¥|gz,(c) is integral unless L0y is the principal unipotent orbit of *G?, in which case it is the
infinitesimal character of the trivial representation. Now “Og corresponds to a special unipotent orbit Oy
of G.

Definition 2.1. Suppose ¥ : Wg x SLy(C) — G and the image of C* is contained in the center of ZG°,
then the weak Arthur packet II(¥) is the finite set of irreducible representation 7 of G such that

e The infinitesimal character of 7 is xy.

e The wave-front set of 7 is equal to the closure of Oy.

recall that the wave-front set of an irreducible representation 7 is a finite union of coadjoint G-orbits.

Connection with the ABV definition.
we will see how to construct the packets II(¥) later.

Lemma 2.2. In the setting of previous definition, Ann(r) is the same for all m € TI(P).

More generally, if the image of C* is not necessarily contained in the center of “G?, let “C° denote the
identity component of the centralizer of the image of C* in “G°. Now let ¥ : Wg x SLy(C) — ¥C — LG,
the image of C* is contained in the center of “C°. By the construction above, we get the Arthur packet
II(W) of representations of a covering group C determined by £C.

Conjugacy classes of Levi subgroups of G(C) are in bijection with conjugacy classes of Levi subgroups of
LGO suppose L is a f-stable Levi subgroup of G such that the conjugacy class of L(C) corresponds to “C°.
Furthermore, assume L is an inner form of C, let II*(W¥) be the Arthur packet constructed in the previous
paragraph taking L = C. This is a finite set of representations of I~/, which are special unipotent when
restricted to the derived subgroup. Given 7 € II*(¥), choose a parabolic subgroup Q(C) = L(C)U(C) C
G(C), we assume Q(C) is weakly non-negative, this is a condition on the imaginary roots of u.
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Let R(mz) be the derived functor module of 7, let C,(,) denote the one-dimensional representation of
f/p(u) with weight p(u), here p,,) is the metaplectic cover of L defined by element p(u). Then L f/p(u) and
7L @ Cp(y is naturally a representation of L, set S = %E/E N1, and let R(rz) = ' o pro(ry ® Cp)), this
has the same infinitesimal character as 7.

The construction of R(7) can be broken up into two steps: there exists L C Ly C G with the following
properties: there is a real parabolic subgroup P of Ly containing L as its reductive part and ¢y is the
Levi factor of a #-stable parabolic subalgebra of g. Furthermore R(nr) = Ry o Ind(nr) where Ind is the
ordinary parabolic induction from P to Lg, and Ry is the cohomological parabolic induction from the #-stable
parabolic subalgebra g (up to one-dimensional twists).

Definition 2.3. The Arthur packet I1¢(¥) associated to W is the set of irreducible constituents of the
modules R(7,) as L, 7y, run over all possible choices given above.

Given G, suppose {G;} is a set of groups which are inner forms of G with G = Gg, we identify the
E-groups for each G; with those for G, given ¥ : Wr x SLy(C) — LG, we obtain I1¢ (¥) as above, and we
will write TG (W) = U, TI% ().

A similar procedure can be used to define II(¥) when ¥ : W x SLy(C) — FG.

3. CONJECTURES A, B AnD C
In this section, we state the three conjectures from Adams’ paper.

Proposition 3.1. Let (G,G’) be an irreducible reductive dual pair with G the smaller group, we consider
(G,G") as a subgroup of Mp,, (R), we can define a homomorphism between E-groups v : PG — FG’.

Let LH'® be the identity component of the centralizer of v(*G®) in LG'®, then we denote T : SLy(C) —
LH" be the homomorphism corresponding to the principal unipotent orbit in “H'®.

Example 3.2. For the dual pair (O(p, ¢)(R), Spa,, (R)) inside Spy,,,,44)(R): let n = p+g, then the oscillator
representation factors to Sp,,, (R) if and only if n € 2Z. For the L-group of Sp,,,, we take as SO(2m+1, C) xT,
for the L-group of O(p, q), we take as O(2n,C) x T.

a.n < m, we have

hd 7(9 X 1) = diag(.g)det(g)IZ(mfn)Jrl) x1, g€ 0(277/7@)
v x o) = {12m+1 x o, p—q=0 (mod4)
here € = diag(1,1,---,1,—1).
b.n > m Let G = Spy,,(R), G’ = O(p, q), we define v : LG — LG’ as
e (g x 1) = diag(g, Iy(n—m)-1) X 1, g € SO(2m +1,C).
Is, x 0, p—q=0(mod 4)

diag(€7 _IZ(nfm)le) X0, p—q= Q(mOd 4)

¢ Y(lxo)= exo, p—q=2(mod4)

Conjecture 3.3. (conjecture A) Let (G,G’) be a reductive dual pair inside the group Sp,,(R), suppose
is an irreducible representation of G occuring in the representation correspondence for the dual pair, let ©
be the corresponding irreducible representation of w'. Suppose U : Wr x SLy(C) — PG is an admissible
homomorphism, such that  is contained in the corresponding A-packet II(V). Let ¥’ : Wg x SLy(C) — G
be defined by

U'(wx1)=v0¥(w) w e Wr
V(1 x g) =70 ¥(g)T(g) g € SL2(C)
U'(wxg)="(wx1)¥(lxg) we Wg, g€ SLy(C)

Then W’ is an admissible homomorphism, let TI(U’) denote the corresponding Arthur packet, then n' € TI(T').

The next conjecture also takes the various inner forms of G and G’ into consideration. Given (G,G’) a
reductive dual pair, let {(G;,G’)} (i = 0,1,--- ,k) be a set of representatives for the equivalence of dual
pairs such that G; is an inner form of G, with Gy = G, for example, if (G,G’) = (O(2m), Sp,,,(R)), then
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(G;,G") = (O(2m — 2i,2i),Sp,,,(R)) (i =1,2,--- ,m). We note that all (G;, G') have the same L-group and
maps v, given ¥ : Wi x SLy(C) — G, we let TTI{G:} () be a set of irreducible representations of some G;:
MGH (W) = U 1% (D).

Conjecture 3.4. (conjecture B) Suppose we are in the situation of the previous conjecture, with (G,G') in
the stable range, thus we are given m € 1% (), ™ occuring in the representation correspondence for G
e Suppose o is an irreducible representation of G; for some i, and o is contained in 1% (V), then o
occurs in the representation correspondence for the dual pair (G;,G'), let ¢’ denote the corresponding
representation, then o' € IS (U').
o 0 — o’ is a bijection between TI1G} (1) and TIC ().

This conjecture is not true without the stable range assumption: the trivial representation of O(4) occurs
for the dual pair (O(4), Sp,(R)), but the sign representation does not. It is not clear what the correct range
of validity of this conjecture should be.

We can also extend the conjecture B to one about endoscopic groups and stable distributions, we will
call this conjecture C'. Suppose we are in the setting of conjecture B, and as in that conjecture, there is
a bijection IT{G:} (W) — TI" (W), where II{G:}(¥) is considered as a set of representations of {G;}. By a
virtual character of a group we mean a complex linear combination of irreducible characters.

Definition 3.5. We make the following definition

e A virtual character of {G;} is a formal sum © = ©1 + O3 + - - - O, where ©; is a virtual character of
G;.

e The virtual character © corresponds to the virtual character © =
to ©) for all 4.

e The virtual character © is super-stable only if ©; is stable for all 4.

a;0} of G’ if ©; corresponds

%

Super-stable characters in the ABV perspective.

Example 3.6. An example of the super-stable distribution is the following: let {G;} be a complete set
of representatives for the isomorphism classes of inner forms of G, let ¥ : Wr — G be the parameter
corresponding to an L-packet II¢(¥) of discrete series representations, let © = >, 0, be the stable sum of
virtual character of G, we let ©; be defined similarly, then ), ©; is a super-stable virtual character.

Theorem 3.7. Suppose we are in the stable range, then there is a distinguished super-stable virtual character
O (resp. ©)) in II(¥) (resp. II(T)).
For H an endoscopic subgroup of G, we have a map Liftg taking super-stable virtual characters in I ()

to virtual characters in II(¥), where these Arthur packets are considered as spaces of virtual characters of
the inner forms of G and H.

Conjecture 3.8. (conjecture C) Suppose we are in the setting of conjecture B, with v : TI(¥) — II(P'), we
suppose H is an endoscopic group for G, and W : Wg x SLy(C) — YH — LG, thus “H° is the centralizer of
a semisimple element h of “G°. We have a corresponding map v : "H — “H' for ~ restricts to “H and H'
18 an endoscopic subgroup of G', then the following should hold:
* 7(6g) = 6y.
o Suppose © = Lifts(0y) € II(V), for Oy € (V) a super-stable virtual character. Then there is a
super-stable virtual character O € I (W) such that 4(0) = Liftgl, (®n) e TI(V).

4. PROOF OF CONJECTURE A AND B IN SPECIAL CASES

In this section, we will describe the Adams’ proof of the conjecture A and B in some special cases.

As Adams pointed out, the results of his paper can be extended in a number of ways, however, the methods
are not intended as a method of proof in general, so pushing these results as far as possible is probably not
worth the effort. For example the results on the discrete series can certainly be strengthened quite a bit to
representations with singular infinitesimal character and to groups outside of the stable range.
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