SPHERICAL FUNCTIONS ON UNITARY MATRICES

RUI CHEN

1. INTRODUCTION

This is a study note for the paper [HK14].

2. THE SPACE X

Let k¥’ be an unramified extension of a p-adic field k of odd residue characteristic and consider Hermitian
and unitary matrices with respect to k’/k, and denote by a* the conjugate transpose of a € M, (k). Let
7 be a prime element of k and ¢ the cardinality of the residue field Oy /(7). We fix a unit € € O; for which

K = k(v/e).

We consider the unitary group

G=Gp={9€GLons1(K) | 9" Jont+19 = Jont1} Jont1 =

and the space X of unitary matrices in G
X=X,={z€CG|a" =, O, () = (- 1)"(t-1)}

where ®,(t) is the characteristic polynomial of the matrix y. We note that X is a single G (k)-orbit containing
12,41 over the algebraic closure k of k. The group G acts on X by

g % =grg" = grjons19 Jon+1, §EG, x € X
we fix a maximal compact subgroup K of G by
K=K,=Gn M2n+1(ok/)
Proposition 2.1. There are precisely two G-orbits in X,,:
G- -xg = |_| K-z), G-x1 = |_| K -z
XEAT, |A] is even XEAT, M| is odd
where [N =30 1 Ni, 2o = long1 and z1 = diag(m,1,--- 1,7 1).
Proof. First we know that there are at most two G-orbits in X,,. We extend the k-automrophism * of k' to
an element of I' = Gal(k/k) and the action of G on X to G(k) on X (k). We recall X (k) is a single G(k)-orbit
and set B B
H(k) ={h € G(k) | h-12n41 = lon41}

then we can obtain 7 7

HR) = U(12)(F) % U(Los1)(F)
By the exact sequence of I'-sets

1 — H(k) — G(k) — X, (k) — 1
g9 lant1
we have an exact sequence of pointed sets
1— G- lopy — X, — HYT,H(k)) — HYT,G(k))

since HY(T', H(k)) — HY(T, G(k)) is a map from Cy x Cy to Cy, it cannot be trivial, hence G - 19,11 # X,
hence there are least two G-orbits in X, and thus exactly two G-orbits. O
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3. MAIN RESULT

Theorem 3.1. A set of complete representations of K\X can be taken as

{zx [ X e AT}
where
Diag(m™, -+ mrn =2 oo pmM)if mo=2n
Ty =
A Diag(m™,--- 7t 1,r e oo n7 M) df m=2n+1

AF={A€Z" [\ >Xo>- >\, >0}

A spherical function on X is a K-invariant function on X which is a common eigenfunction with respect
to the common convolutive action of the Hecke algebra H(G, K), and a typical one is constructed by Poisson
transform from the relative invariants of a parabolic subgroup. We take the Borel subgroup B consisting of
upper triangular matrices in G.

We introduce a spherical function w(z;s) on X by Poisson transform from relative B-invariants, for a
matrix g € G, denote d;(g) the determinant of lower right ¢ by ¢ block of g. Then d;(z), 1 < i < n are
relative B-invariants on X associated with rational characters 1; of B where

di(p-x) = vi(p)di(z), ¥i(p) = N i(di(p)) (x € X, p € B)

For x € X and s € C", we consider the integral

wlz;8) = /K k- ) k. |d(y))* =] 1)

Then the right hand side is absolutely convergent for Res(s;) > 0, 1 < i < n and continued to be a rational
function of ¢%, --- ,¢°". Since d;(x) are relative B-invariants on X such that

di(p-z) = ¢i(p)di(x), Vi(p) = Np/i(di(p)) (pe B, v € X, 1<i<n)
we see w(x; s) is a spherical function X which satisfies

frw(z;s) = As(fw(x;s), feH(G,K)
/ FOI [ ()|~ 6(p) dp

The Weyl group W of G relative to B acts on the rational characters of B, hence on z and s also. The
group W is generated by S,, which acts on z by permutation of indices and by 7 such that

7(21; o ’Zn) = (217 e Zn—1, _Zn)
To describe the results, we prepare some notation, we set
»t =31 EZ
Sr={eite, e;,—e;|1<i<j<n}, X ={2|1<i<n}

where e; € Z" is the i-th unit vector, we define a pairing
n
(,):2Z"xC" —C, (a,z) Z

Theorem 3.2. The function G(z)-w(z; 2) is holomorphic and W -invariant, hence belong to Clgt?,---  ¢*]W

where

»q

1 + q<0t,Z>
G(Z) = H 71 — q<a,z> — 1

where o runs over the set X for m = 2n and X1 for m = 2n + 1.
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Theorem 3.3. (Explicit formula) For each X\ € A}, one has

n . <>‘a20> . .

where G(z) is given as in zo 1s the value in z-variable corresponding to s = 0, ¢, is some explicit
constants.

w(xy;2) =

1 — taq<a7z>
1— q(a,z>

Aa(zt) =Y olgMe(zt), ozt =[]
oeW aeXt
here
. ts if a € BF
C\tifaex)

g ' ifm=2n

where ty = —q¢~ L, and tp =
® 7 ¢ {—q_2 ifm=2n+1

We see that Qx(z;t) € R by It is known that Qx(z;t) = Wi (t)Px(#;t) with Hall-Littlewood polyno-
mial Py (z;t) and Poincare polynomial W) (¢) and the set {Py(z;t) | A € A} forms an orthogonal C-basis
for R for each t, € R, [to| < 1.
In particular, we have
oy =g )" wn (=g Dwm (=¢71) -
wl@i2) = e o) =
We modify spherical functions as follows

w(z; 2)
W(12n; Z)
and define the spherical Fourier transform on the Schwartz space by

F: S(K\X) — R

@Fﬂ@@ZAW@WWﬂx

\I/(I',Z) = GR:C[inI,"' ’q:tzn}W

Theorem 3.4. The spherical transform F gives an H(G, K)-module isomorphism
S(K\X) = C[inIa e 7q:|:2n]W
We introduce the inner product (, )gx on R by

(P.Qr = [ PR du(a). P.QER
here a* = {v/—1(R/{2Z-Z)}" and

log ¢q

dz

1 Wn( q_l)wnJrl( q_l) 1
1 = . .
(3.1) dp nl2n (14 g 1)ntt le(2)]?

Theorem 3.5. Let du be the measure defined by (3.1), then by the normalization of G-invariant measure
dx such that

for any ¢, € S(K\X), we have
/ p(x)p(z) do =/ F()(2)F(¥)(2) du(z)
X a*

Proposition 3.6. Assume n = 1, for x; = diag(r’,1,7=*), £ >0, it holds that

1+ q7372s

ls —4—2s —2(L+1)—4s —2s
<1+q_3)(1_q_4_4s){q (lfq )7(] (&+1) (lfq )}
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w(xe; 8) =



Ty —1
2log q

where s = —z — 1 — and for any x € X,

1 — g 1+22

w(x;z) = Ww(m; —z)
Let’s discuss the proof of this proposition.

Lemma 3.7. We have K1 = K1 U K 5.

Theorem 3.8. There are precisely two G-orbits in X

G- -xy= |_| K-z), G-x1 = |_| K -x)
XEAT, || even XEAT, || odd
It is easy to see that vol (K1) : vol(K12) =1:¢ 3. For k € Kj 5, we have
\dy (k - 2e)| = ||~

and
/ q—3+fs
di(k-xp)|® dk =
Ki2 | 1( )| 1+q_3

Assume { is even and positive, then

. 1— —142s )
(1*(]71725)(14’(]73)(]768 /K |d1(kl’g)‘s dk = — 2_4_43 (17q73+q7372s7q7472s7q72(5+1)72fs(17q72s)(1+q7372s))

1,1

Hence we obtain for even ¢

/ s (k- )|*
K

—3—25),{s
_ (1 —’(—1q+36§(1 — q)q44s) {(1 _ q—4—2s) _ q—%—%s(q—2 _ q—2—25)}

changing the variable from s to z we get

/ |dy (K - z0)|® dk
K

B /71éqff(1 7q71+2z)
(g1 +¢%)
Assume / is odd, we can calculate similarly

/ s (k- 0)|*
K

e e )
(4¢3 —g%)

0 1 + q72+22 s 1 + q7272z
1— q2z 1— q—2z

{q }

{1 +¢7?) = ¢ (¢ + ¢*)}
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