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This is a study note on the Wan-Zhang paper, they computed the unramified relative characters for all
homogeneous affine strongly tempered spherical varieties and the strongly tempered spherical varieties that
can be obtained by Whittaker induction of strongly tempered spherical varieties.

Let (G, H) be a reductive strongly tempered spherical pair with G(F) split, assume that it does not
have type N spherical root. Let B = T'N be a Borel subgroup of G defined over F', T' the maximal split
torus in B and N the unipotent radical of B, and B = T'N be its opposite. There exists a unique open
Borel orbit B(F)nH(F'). For all the homogencous affine strongly tempered models, we have verify that
H(F)Nn='B(F)n = Zg u(F), the stabilizer of the open Borel orbit belongs to the center of G.

Our goal is to compute the local relative character

I(é9) = / bo(h) dh
H(F)/Zg,u(F)

where ¢y is the unramified matrix coefficient of 1§ (#) normalized by ¢g(1) = 1, 6 is a unitary unramified
character of T'(F).

Let fg be the unramified vector in I§(6), then the normalzied unramified matrix coefficient ¢g is given
by ¢o(g) = [ fo(kg) dk this implies that

I(¢o)=/ ¢o(h) dh = / fo(kh) dkdh
H(F)/Zg,u(F) H(F)/Zg,u(F)

= / / fo(kh) dh dk
K JH(F)/Zg, u(F)

Note since the integral is convergent if we replace 6 by its absolute value, the above double integral is
absolutely convergent. In particular, the integral

/ fo(kh) dh
H(F)/Zg,r(F)

is absolutely convergent for almost all £ € K. As a function on k € G, this integral is right H(F)-invariant

and left (B(F), 5]13/20)—invariant, where dp is the modular character of B.
Consider the function Vs on G(F) satisfying the conditions

e )y is supported on the orbit B(F)nH(F) with YVs(n) =
e )y is right H(F)-invariant and left (B(F), 9_16}3/2)—invariant.
For g € B(F)nH(F'), Yy-1(g) is proportional to fH(F)/Zc,p(F) fo(kh) dh and then

/ fotah) dn = | foluh)dh - Yo+ (9)
H(F)/Za,r(F) H(F)/Zg,u(F)
Lemma 0.1. Under the above notation, for f € C°(G(F)), we have
A
| st0) dg = oSy | [ sty ava
Az (1) H(F)/Ze 1 (F) JB(F)

where rk(G) is the F-rank of G.
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By lemma we have

_ A1) —rk(G)
[t an= [ atomnto) do = g 2o @ [ gy an

Proposition 0.2. The local relative character I(¢g) is equal to

/y(,l )dk:x/ Fo(nh) dh
H(F)/Zg,u(F)

AH/ZGH Tk:
= " Aa(l) /3)0 1 dkx/ Yo(k

We have the following computation of [} Vg(k

Proposition 0.3. Let ®T be the set of positive Toots of G, then there is a decomposition of the weights of
a representation px of G, denoted by © = OFT U O~ such that

AG(1) e
Vo(k) dk = 1)~ (0
[ 00 i = FT ) o
where Loy
1 — g le
5(9) = et L0
[[veer 1 —a 2
here for o € ®F, we use e (0) to denote O(e®” (w)).

Combining propositions [0.2] and [0.3] - we have
A
I(¢9) = Bz, (1) ) G)/ Vo-1( dkx/ Yo(k
Ag(1)
_ Aciﬂ Ag(l)  L(1/2,7,px)
AH/ZG,H(l) AH/ZG,H(l) L(l,T(,Ad)

The L-function % is Lx, the L-function of the spherical variety X = G/H.
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