SPHERICAL ROOT SYSTEMS

RUI CHEN

1. INTRODUCTION

This is a note for the paper [KK16], which is a unification of the Borel-Tits theory for reductive group
over general fields and Luna’s theory for spherical varieties over algebraically closed field of characteristic
Zero.

The main application in the [KKI16] is to study the embedding theory of spherical varieties, while my
main motivation is to study the spectrum of spherical varieties.

2. NOTATION

We will fix k a characteristic 0 field, and k its algebraic closure, I' = Gal(k/k) its Galois grouup, G a
connected reductive group over k, X a G-spherical variety over k.

3. ROOT SYSTEMS FOR REDUCTIVE GROUPS

In this section, I will introduce the absolute and restricted root systems for a reductive group G and
Galois action on the absolute root system.

Let k& be a characteristic 0 field, and let G be a connected quasisplit reductive group over k. We fix
B = M AU a Borel subgroup of G over k where U = R, B is the unipotent radical of B and A is a maximal
split subtorus and M is an anisotropic torus, T'= M A is a maximal torus of G, the restriction of characters
from T to A defines a surjective map

resg : X (T) — X*(A)

for any Q C X*(T), we will use the notation res’,Q := (resa2)\{0}. Let &3 = ®(G,T) be the associated
root system and we have @, := res’, @ the restricted root system with respect to A, we will denote the Weyl
group of ®; by Wi(G), and the Weyl group of ®; by Wi (G).

The choice of the Borel subgroup B gives us a set X; C ® of simple roots, and a set of simple restricted
roots Xy := res, Xz

Remark 3.1. For general reductive group G, we have the set of k-compact simple roots ¥° := {a €
Y| resaa = 0}, which is the set of simple roots for M, since our group G is quasisplit, we have X = ().

The Galois group I' acts on X*(T') and leaves the root system @z, invariant, we have the following property
on the restriction map

Proposition 3.2. For ay, as two simple roots in Xf, we have resac; = resaa if and only a1 and ag belong
to the same I'-orbit.

Remark 3.3. For general connected reductive group, there is a I'*-action, which is defined as: for any v € T,
there is a unique element w, € W such that w,yEX, = X, and v * x = wyy(x). Since our group G is
quasisplit, the Borel subgroup is defined over k hence the set of simple roots is Galois stable, we can choose
wy = 1, the I'*-action and I' are the same.

Example 3.4. ( Root system and restricted root system for SU,,)

For the special unitary group G = SUs over k defined via {g € SL3 | 'gJg = J }, with J = adiag(1, —1,1).
Then SUs splits over £.

The maximal torus 7" is isomorphic to Res; /G, xU(1), it contains a maximal split torus A = diag(a, 1, ab).
Over k, Gj, = S L3, we will choose the simple roots a1, a for Gy, we have the root system ®(G,T) C X*(T),
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we also have the restricted root system ®(G, A) C X*(A), where ®(G, A) is the weight space of the torus S
action on the Lie algebra of A. The set of simple restricted roots are {a,2a} C X*(A).

We fix the isomorphisms X*(T) = Z3 /7, X*(A) = Z, and we have the restriction map

resy : X*(T) — X*(A)
(n1,m2,n3) — Ny —n3

In particular, we see that oy, as — 1, this corresponds to the fact that the simple roots on the same Galois
orbits are mapped to the same image in X*(A). a1 + as — 2. The restricted Weyl group W}, is isomorphic
to Z/27Z and it is the Weyl group for the root system ®(G, A).

Now we consider the special unitary group SUs, defined via {g € SLa, | 'gJg = J}, where J =
adiag(1,—1,1,—1,---). Then SUs,, splits over .

The maximal torus 7" is isomorphic to (Resy;;G.,)", and the maximal split torus A = diag(ai, az, - - - an, a;l,
We have the root system ®(G,T) C X*(T) and the restricted root system ®(G, A) C X*(A).

We fix the isomorphisms X*(7T') 2 Z?"/Z, and X*(A) = Z", then we have the restriction map

resq: X*(T) — X*(A)

(5101,332, o ‘x2n) — (351 — X2n, T2 —T2n—-1,""" ,Tn — xn+1)

—1
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In particular, we note that «; and asg,_; have the same image. The restricted Weyl group is isomorphic to
Sn X (Z/272)".

4. K-LOCAL STRUCTURE THEOREM

In this section, we will assume X is a k-dense G-spherical variety. We will define the maximal k-split
torus A (X) and the k-valuation cone ¥4 (X) in this section. As we know, these objects play important roles
in the study of root system over algebraic closure, and the study of the properties of these objects are based
on the parallel approach to algebraic closure, and sometimes reduced to the algebraic closure.

I will state a simplified version of the local structure theorem for spherical varieties for quasisplit groups,
from now on, I will assume G is a quasisplit group over k£ and B a Borel subgroup over &k, T' a maximal torus
of B, A a maximal k-split torus of T.

Let’s denote X the unique open Borel orbit of X. As a consequence of the generic local structure theorem,
from [KK] corollary 4.6, we get an isomorphism

X Tx X UP(X)
here T is the T-orbit of a point 2 € X (k).

Definition 4.1. We define the maximal split torus of X to be Ai(X) := A z¢, and we define the k-character
lattice of X to be
Xk(X) = X*(Ar(X))
the k-rank of X is defined to be
rkp X = rkyxg(X) = dim Ak (X)
The anisotropic kernel X,,, of X can be defined to be X, := Mxg.

It is immediate to see that these defnitions generalize the notion of maximal split torus and anisotropic
kernel in the group case if we view the group as a symmetric spherical variety.
We have the folowing connection between the k-character lattice and k-character lattice

Lemma 4.2. We have
resaxz(X) = xx(X)
here x5 (X) = X*((Tx)r)-
as a corollary of this lemma, we see that the torus Ay (X) is the image of A C T in Tx under the quotient

map
T — Tx

We denote a(X) = xx(X)* ® Q = Hom(xx(X), Q).

Corollary 4.3. The space ai(X) is the image of ar, C ag in ag(X).
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We will introduce the notion of k-invariant valuation.

Definition 4.4. An invariant valuation of a k-dense G-variety X is called k-central if it is trivial on the
subfield k(X,,) = k(X)4V. The set of k-central valuations is denoted by 7 (X).

We have the following short exact sequence
1 — k(Xan)" — E(X)AY) — v (X) — 1
The k-central valuation induces a homomorphism

At xu(X) = Q: xp—ou(f)

and we get a map ¢ : % (z) — ai(X).
According to corollary we may view a,(X) as a subspace of a(X)
Proposition 4.5. Let X be a k-dense G-spherical variety, then:
e The map L is injective.
e Considering ¥4(X), V%(X) as subsets of ar(X) and ag(X), then ai(X) = ¥4(X) Nag(X).
Note over algebraic closure ¢z is injective, together with the inclusion aix(X) — az(X) we know that ¢ is
injective.
From 4.5} we see that ¥ (X) is a finitely generated convex cone in ag(X).
We denote a; the antidominant Weyl for G’ with respect to the restricted root system.

Proposition 4.6. Let 7 : ai — a;(X) be the canonical projection, then m(a, ) C #(X).

This follows from proposition and the corresponding result over k.

5. THE WEYL GROUP

In this section, we will assume X is a k-dense G-spherical variety over k and G a quasisplit connected
reductive group over k, B a fixed Borel subgroup over k, T' a maximal torus of B, and we choose the
associated parabolic subgroup P(X) over k.

There is a Borel subgroup B and a point x € X (k) such that

A - T - Ly

Ap(X) - Ty —=— 1Tz

To define the k-Weyl group for X. The strategy is to study the valuation cone ¥4 (X), which over algebraic
closure we know it is the Weyl chamber for the little Weyl group Wx.

First let’s note that the associated parabolic subgroup P(X) can be choosen to be defined over k. We get
a set of k-roots X% (X) C Xz, since P(X) is defined over k, we have ¥} (X) is I-stable.

We make the following definition of k-little Weyl group

Definition 5.1. We define
Wi (X) := Nw, (x)(ax(X))/Cwy (x) (ar (X))
We have a parallel result over algebraic closure

Theorem 5.2. Let X be a k-dense G-spherical variety, then ¥1,(X) is a fundamental domain for the action
of Wi(X) on ai(X).
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6. THE ROOT SYSTEM OVER k

We will fix X an k-dense G-spherical variety, G a connected reductive group over k.

In this section, I will recall the construction of root systems in the paper [KK16], just like the group case,
we want to define the restricted root system for spherical varieties and the Galois action on spherical root
system over k. We will construct an integral root system for Wj(X) the k-little Weyl group, as in the
case over algebraic closure, we face an issue of normalization.

There is an obvious normalization

Definition 6.1. A primitive k-spherical root of X is a primitive element o € xj, such that ¥, (X)N{c > 0}
is a facet of ¥4 (X).

We will denote the set of primitive k-spherical roots by ¥} := X" (X), it is in one to one correspondence
with the facets of 74 (X).

The primitive k-root system of X is defined to be

O = (X)) == W, - T

Since the valuation cone ¥4 (X) is defined by a set of linearly independent linear inequalities, we have the
following description of #;(X) based on the primitive k-spherical roots

Proposition 6.2. 7,(X) = {a € ax| 0(a) <0, for all o X"}
We have the following lemma

Lemma 6.3. Every o € ¥} is a linear combination o =, ca0 with co € Q>p.

aEXy

Definition 6.4. The set of a € ¥ such that ¢, > 0 is called the support of o.

A weight lattice for a root system ® with Weyl group W is a lattice = containing ® with (1 — s,)= C Zo
for all o € ®, here s, denotes the reflection about o. If ® is a reduced root system, this is equivalent to W
acts trivially on Z/(®)z.

Proposition 6.5. ®}" is a reduced root system with Weyl group Wi,(X), the set 3} is a set of simple roots
for ®7", the valuation cone ¥i,(X) is an antidominant Weyl chamber with respect to X}". The lattice Xy is
a weight lattice for @Y.

Proof. Since we know 74(X) is the fundamental domain for Wy. We only need to show xj is W, stable,
over k, this is the result of [Kno94], over k, this follows from x5 = res’; x;. ]

For any o € xj, we let @ :=res40 be the restriction of o to A and
xXp = {0 € xz(X)| 7 = 0}

elements of E% =25 N X% will be called the compact spherical roots. The compact spherical spherical roots
can be recovered from the compact simple roots

5p = {0 € Zj| supp(o) € 2%}
we will see later E% is the set of k-spherical roots of X,;.

Example 6.6. If G is a quasisplit group over k, X a G-spherical k-variety, then Z% = ) and in this case
Xel = TX.

We have the following result
Proposition 6.7. For X a k-dense G-spherical variety, then
XE(Xan) = X%(X), EE(XLW) = E%(X)

We define ¥y, := X (X) :=res/,X; = {7, 7 # 0}. In general X, and X} are different, see for example in
the group case.
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Now we consider the Galois action on spherical roots, the key is the commutative diagram that we used
in the construction of k-little Weyl group: There is a Borel subgroup B and a point « € X (k) such that

A C T C Ly

Ap(X) C Ty — =~ Tg

Proposition 6.8. The set X, C xy, is linearly independent, moreover, @ =T # 0 for o,7 € X if and only
if o and T are in the same I'-orbit.
There is a map X" — Zsq : 0 +— n, such that ¥y = {n,o| o € X"}

This generalize the proposition from the group case to general spherical varieties.
Proposition 6.9. There is a map ¥} — Zso : 0+ n, such that ¥y, = {n,o | o0 € X"}

Proof. ¥4(X) is also defined by the inequalities & < 0 with o € X, since they are linearly independent, they
form a minimal set of inequalities, so we see that every @ is an integral multiple of an element of ¥7". O

Now we proceed to the construction of a root system for Wi, (X), we define @y, := Wy, (X)X, = Wi (X )res’, X,
% = res!y &f = res’, Wi (X)X, In general, 7° is not a root system.
However, we have the following result

Theorem 6.10. Let X be a k-dense G-variety, then

(1) (Pg, xk) s an integral root system, its Weyl group is Wi (X) and Xy, is a system of simple roots.
(2) ne € {1,2} for allo € X}".

Proof. For (1): Let Ry = (X5;) and Ry := Resa Ry, = (Xi) be the root lattices, since Ry, is Wi-stable and
hence N (ay)-stable, we see Ry is Wy-stable. Since the elements of ¥ are primitive in Ry, we conclude @y,
is a root system for W), and X is a set of simple roots.

It remains to show xy is a set of weights for ®;, and since xj is W}, stable this means to show Wy acts
trivially on xx/Ry. This clearly holds over k, the assertion now follows from the fact that /Ry, is a quotient
of X/ Ry

For (2): Let 0 € ¥} and & = n,0 € ¥y as 0 € x, it follows from (1) that

2 1

Ng Ne

Moreover, one can show that ®; consists precisely of the indivisible elements of ®}¢°.

6.1. Remaining question.
Definition 6.11. We will call (xz, X5, X?) together with the I-action the spherical index of X.

It behaves very much like the classical Borel-Tits index but there are some counterexamples. It will be
interesting to investigate this phenomenon further, say from the dual side.

7. EXAMPLES OF SPHERICAL ROOT SYSTEMS

7.1. Spherical root systems for some spherical varieties of type A. In this section, we examine some
examples of quasisplit forms for symmetric varieties of type A. For the notations related to the special
unitary groups, we keep the same as the previous example
In all the examples, G will be a quasisplit connected group over k, B a Borel subgroup of G defined over
k, T a maximal k-torus of G, A a maximal k-split torus of T.
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Example 7.1. Let //k be a quadratic extension of characteristic zero fields, G = Resy;,GL2, X =
Resy/yGL2/GLo, we have Xj = GLy x GLy/GLy, we have ¥ = {a1 + az}, here a1, a are the two
simple roots of the first and second copy of GLs with B the product of upper triangular matrices. We have
P(X); = B;.

X is a Galois symmetric variety with 6(g) =g, for the conjugate 6’ of 6 such that 6'(g) = wsgw,, we have
0'(B) = B, hence we have A;(X) = A/A? =~ G2,/G,, with the diagonal embedding of G,,. £ = Resy $f =
{2a71} as a; and a3 are in the same I'-orbit. The &-little Weyl group of X is Ny, (x)(ax)/Cw, x)(ax) = Z/2Z.

We conclude the k-spherical root system of X is of type A;.

Example 7.2. Let //k be a quadratic extension of characteristic zero fields, G = Resy;,GL2, X =
Resy/1,GLa/Us, here U, is the quasisplit two dimensional unitary group over k, we have P(X) = B as
X 2 GLy x GLy/GLY with v : g — (g,97"). We have X3(X) = {a1 + as}.

X is a Galois symmetric variety with 6(g) = J~1g~'J, for the conjugate ¢’ of § with '(g) = g~!, we have
0'(B) = B, hence Ap(X) = A/A? = G2, /{(£1)%}. &), = {2a7}. The k-little Weyl group of X is Z/2Z.

We conclude the k-spherical root system of X is of type A;.

t

Example 7.3. Let //k be a quadratic extension of characteristic zero fields, G = Resy;,GL3, X =
Resy/,GL3/GL3. Over algebraic closure, let’s choose B the upper triangular Borel subgroup, and ai, as
the simple roots of the first copy of GLs, of,a) simple roots of second copy GL3, we have Y3 (X) =
{ag + oy, a0 + &)} and X € X*((Tx)z)-

X is a Galois symmetric variety with 6(g) = g, for the conjugate 6'(g) = wegwe, we have 6'(B) = B, hence
Ap(X) = AJAY = G3,/G,, X Gy, Bx = {a7 + @3’'}. The k-little Weyl group of X is Z/27.

We conclude the k-spherical root system of X is of type A;.

Example 7.4. Let //k be a quadratic extension of characteristic zero fields, G = Resy;,GL3, X =
Resy/1,GL3/Us, here Us is the quasisplit unitary group associated with £/k. Over algebraic closure, let’s
choose B the upper triangular Borel subgroup, and a1, as the simple roots of the first copy of GL3, o, o)
the simple roots of second copy of GLs3, we have X3(X) = {1 + &}, as + b} and p € X*((Tx)z)-

X is a Galois symmetric variety with 6(g) = J~1g ‘J. For the conjugate 6’ of § with ¢'(g) = g~ *, we
have 0'(B) = B. Hence Ay(X) = A/Ael = G3,/(£1)3, we have 31,(X) = {2a;, 2a2}. The k-little Weyl
group of X is Ny, (x)(axr)/Cw; (x)(ak) = Ss.

We conclude the k-spherical root system of X is of type As.

Example 7.5. The spherical variety X = SLog,41)/SLpy1 X SLpy1, the T-action induced from SUs(pq1)
preserves Qy, hence it admits a k-form SUs(,11)/SUps1 x SUpy1.

The set of spherical roots is X7 = {a1 + aopt1,- - 2041}, the set of restricted spherical roots is ¥j =
{201, 2as, - - 2041 }

Example 7.6. The spherical variety X = SLoptq+1/SLptq X SLyt1, the T-action preserves 1y, hence it
exists a k-form SUsptq11/SUps+q X SUp1.

The set of simple spherical roots is X3 = {1 +aoptq, - - Op+ Qptgt1, Apt1+- -+ pyq}, the set of simple
restricted roots Xy, is {2@, - - - 20, Wpy1 + -+ - Cptq -

As a particular example, the symmetric variety SL,+1/SL,, has a spherical root oy + - -+ 4+ «, and it is
Galois stable.
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