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1. Introduction

In this note we study the reducibility for the principal series for SU(3) following the paper [Key84].
F will be a non-Archimedean local field and E a separable quadratic extension of F with Galois auto-

morphism x→ x. Define G = SU(3) to be the group

{g ∈ SL3(E) | tgJg = J} where J =

 1
1

1


let A be the diagonal split torus, and M = ZG(A) ∼= E∗ and N the group of upper triangular unipotent
matrices of G. P =MN is a minimal parabolic subgroup of G.

Given a character λ of M we can define the principal series IndGPλ via parabolic induction. Let a =

Hom(X(A),Z)⊗R be the real Lie algebra of A, with dual a∗ = X(A)⊗R. For λ ∈ M̂ , we set λs(x) = λ(x)|x|sE .

2. A multiplicity one result

Let V = tN be the lower unipotent subgroup of G, then Km has Iwahori factorization VmMmNm, m ≥ 1.
Now let ψ0 ≡ 1 on K0, and define ψm on Km = VmMmNm by ψm(vln) = ψm(v) for v ∈ Vm, l ∈ Mm, n ∈
Nm.

Let K0 = K = G(OE) be the standard maximal compact subgroup of G and set

Km = { g ∈ G | g ≡ I mod pmE }

for m ≥ 1.
We want to show

Theorem 2.1. Suppose π is an irreducible representation of G, then the multiplicity of ψm in π|Km is 0 or
1.

Define an algebra of (Km, ψm)-spherical functions, m ≥ 0 by Sm = {f ∈ C∞
c (G) | f(k1gk2) =

ψm(k1k2)f(g) for k1, k2 ∈ Km, g ∈ G}. Theorem 2.1 will follow from

Theorem 2.2. Sm is a commutative algebra under convolution.

the case m = 0 is well known as this is the spherical Hecke algebra.

3. Intertwining operators and Plancherel measure

Fix a coset representative ω and define the usual intertwining operators between IndGPλ and IndGPωλ by

A(ω, λ)f(g) =

∫
N∩ωNω−1

f(gnω) dn

these operators satisfy the cocycle relation

A(ω1ω2, λ) = A(ω1, ω2λ)A(ω2, λ)

provided l(ω1ω2) = l(ω1) + l(ω2).
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We can define a function fm,λ,s on V P which is open dense in G and transforms as ψm under Km. Note

A(ω, λs)fm,λ,s converges, and is in IndGPωλs, and transform as ψm under Km, by the multiplicity one result
for SU(3), we have

A(ω, λs)fm,λ,s(g) = γm(λ, s)fm,ωλ,ωs(g)

for all g ∈ G.
In the later section, we will explicitly compute γm(λ, s) for G = SU(3) by setting g = 1 in and evaluating

the integral

γm(λ, s) =

∫
N

fm,λ,s(nω) dn

for Re s > 0 and m ≥ 1.
For the rank one group G = SU3, we have

µω(λ, s) = γ2ω(G|P )[γm(ωλ,−s)γm(λ, s)]−1

4. Reducible principal series of SU(3)

Reducibility of the unitary principal series IndGPλ is determined by the theory of R-group and knowledge

of the Plancherel measure. IndGPλ is reducible if and only if ωλ = λ and γω(ωλ,−s)γm(λ, s) is holomorphic

at s = 0. In this case, IndGPλ splits as a sum of two inequivalent irreducible subrepresentations, each with
multiplicity one.

The non-unitary principal series IndGPλ is reducible if and only if γm(ωλ,−s)γm(λ, s) is zero at s = 0,

we may assume Re λ > 0, then the kernel of A(ω, λ) is an irreducible invariant subspace of IndGPλ which
transforms as a special representation of G.

Theorem 4.1. Let G = SU(3), λ ∈ (E∗)̂ = M̂ , then

• The unitary principal series IndGPλ is reducible if and only if λ ̸= 1, ωλ = λ and λ|Fx ≡ 1.

• Suppose λ ∈ (E∗)̂ and Re s > 0, the reducible non-unitary principal series IndGPλs are the following:
assume E/F is unramified

– The unramified λs(x) = |x|sE for s = 1 or s = 1
2 + πi(2 ln q)−1.

– λ ramified degree h ≥ 1, λ|Fx ≡ 1 and s = 1
2 + πi(2 ln q)−1.

now assume E/F is ramified
– unramified λs(x) = |x|E for s = 1.
– λ ramified of degree h λ|Ox of order 2 and s = 1

2 .

Proof. This follows from the previous computation on γm(λ, s). □

5. Computation of some c-functions

Theorem 5.1. Let m ≥ max{1, h}, for G = SU(3), charF ̸= 2, then γm(λ, s) are given as follows: first
assume E/F is unramified

• If λ is unramified λs(x) = |x|sE then

γm(λ, s) = |2|1−2s
F q−8ms

F

1− q2s−2

1− q−2s

1 + q2s−1

1 + q−2s

• If λ is ramified of degree h ≥ 1 and λ|F x ≡ 1 then

γm(λ, s) = |2|1−2s
F λ(τ)q−8msqh(2s−1) 1 + q2s−1

1 + q−2s

• If λ is ramified of degree h ≥ 1, λ|Fx ramified of degree h′ ≥ 1 then ωλs ̸= λs for any s and
γm(λ, s) =

|2|1−2s
F λ−1(2)q−8msλ(π4m)ΓE(λ(xx)|x|2sE )ΓE(λs)ΓF (λ

−1
F x · | · |−2s+1

F )

Now assume E/F is ramified
– If λ(x) = |x|sE is unramified then

γm(λ, s) = |2|1−2s
F q−4msqs

1− qs−1

1− q−s
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– If λ is ramified of degree h ≥ 1 and λ|F x ≡ 1 then

γm(λ, s) = |2|1−2s
F q−4msλ(τ)qsqh/2(2s−1)

– If λ is ramified of degree h ≥ 1 and λ|OF
x has order 2 then

γm(λ, s) = |2|1−2s
F λ−1(2)q−4msc1q

h(s− 1
2 )c2 × q

1
2−2s 1− q2s−1

1− q−2s

– If λ is ramified of degree h ≥ 1 and x 7→ λ(xx) is ramified on E× of degree h′ then γm(λ, s) =
|2|1−2s

F λ−1(2)q−4msλ(ππ)2m·
ΓE(λ(xx)| · |2sE )ΓE(λs)ΓF (λ

−1|Fx · | · |−2s+1
F )

This theorem is proved by computing the unipotent integral

γm(λ, s) =

∫
N

fm,λ,s(nω) dn

=

∫
fm,λ,s(

1 x y
1 −x

1

 1
−1

1

)

=

∫
fm,λ,s

 1
−x

y 1
1
y

x
y 1

λ−1
s δ−

1
2 (y)

the difficulty is that the integral is over those x, y ∈ E satisfying y + y + xx = 0.

6. R-groups for SU(3)

Recall that R = {ω ∈Wλ | α ∈ ∆′ and α > 0 imply that ωα > 0}

Theorem 6.1. For G = SU(3), R ∼= Z2. Explicitly, any λ with non-trivial R-group is conjugate to a
character λ defined by specifying distinct characters λ of E× satisfying λ(xx) = 1, λ ̸= 1 and λ|F× = 1.

The commuting algebra of IndGPλ is given as the group algebra C[R], thus IndGPλ decomposes into |R| ≤ 2
irreducible inequivalent components.
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