PRINCIPAL SERIES REPRESENTATIONS OF SPECIAL UNITARY GROUPS
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1. INTRODUCTION

In this note we study the reducibility for the principal series for SU(3) following the paper [Key84].
F will be a non-Archimedean local field and E a separable quadratic extension of F' with Galois auto-
morphism = — Z. Define G = SU(3) to be the group

{g € SL3(E) | 'gJg = J} where J = 1
1

let A be the diagonal split torus, and M = Zg(A) = E* and N the group of upper triangular unipotent
matrices of G. P = M N is a minimal parabolic subgroup of G.

Given a character A\ of M we can define the principal series Indg)\ via parabolic induction. Let a =
Hom(X (A), Z)®R be the real Lie algebra of A, with dual a* = X (A)®R. For A € M, we set A,(z) = A(z)|z[5,.

2. A MULTIPLICITY ONE RESULT

Let V = N be the lower unipotent subgroup of G, then K, has Iwahori factorization V,,, M,,N,,, m > 1.
Now let 19 = 1 on Kj, and define ,, on K,,, = V., M,, Ny, by ¥y, (vin) = b, (v) for v € V,,,, 1 € My, n €
N,,.

Let Ko = K = G(Og) be the standard maximal compact subgroup of G and set

K,={geG|g=1Imod pj

for m > 1.
We want to show

Theorem 2.1. Suppose T is an irreducible representation of G, then the multiplicity of 1, in 7|k, is 0 or
1.

Define an algebra of (K, ., )-spherical functions, m > 0 by &, = {f € CX(G) | f(kigks) =
Um(ki1ke) f(g) for ki, ko € K, g € G}. Theoremwill follow from

Theorem 2.2. S, is a commutative algebra under convolution.

the case m = 0 is well known as this is the spherical Hecke algebra.

3. INTERTWINING OPERATORS AND PLANCHEREL MEASURE

Fix a coset representative w and define the usual intertwining operators between Indg)\ and Indgw)\ by

A@ N f(g) = / f(gn@) dn

NNwNw—1
these operators satisfy the cocycle relation

A(wle, )\) = A(wl, (.LJQ)\)A(EQ, )\)
provided l(wiws) = l(w1) + I(wa).
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We can define a function f,, » s on VP which is open dense in G and transforms as Em under K,,. Note

A(w, As) fm.a,s converges, and is in Indgw)\s, and transform as 1), under K,,, by the multiplicity one result
for SU(3), we have
AW, As) fmons(9) = Ym (A 8) fnwaws (9)
for all g € G.
In the later section, we will explicitly compute 7,, (A, s) for G = SU(3) by setting g = 1 in and evaluating
the integral

Ym (A, 8) = /N Fmons(nw) dn

for Re s >0 and m > 1.
For the rank one group G = SUs, we have

po (A, 8) = 15 (GIP) m (WA, =5)ym (X, )7
4. REDUCIBLE PRINCIPAL SERIES OF SU(3)

Reducibility of the unitary principal series Indg)\ is determined by the theory of R-group and knowledge
of the Plancherel measure. Ind$\ is reducible if and only if wA = A and 7, (wA, —s)ym (A, s) is holomorphic
at s = 0. In this case, Indgz\ splits as a sum of two inequivalent irreducible subrepresentations, each with
multiplicity one.

The non-unitary principal series Indg/\ is reducible if and only if 7y, (WA, —8)Ym (A, s) is zero at s = 0,
we may assume Re A > 0, then the kernel of A(w,\) is an irreducible invariant subspace of Indg)\ which
transforms as a special representation of G.

Theorem 4.1. Let G = SU(3), X € (E*j = M, then
e The unitary principal series Ind}G;)\ is reducible if and only if A # 1, wA = X and Mpx = 1.
o Suppose A € (E*j and Re s > 0, the reducible non-unitary principal series IndIG;)\s are the following:
assume E/F is unramified
— The unramified A\s(z) = |z|§; for s=1 or s = + wi(2lng)~".
— X\ ramified degree h > 1, A\|px =1 and s = 1 + mi(2Ing) 1.
now assume E/F is ramified
— unramified As(x) = |z|g for s = 1.
— X ramified of degree h N px of order 2 and s = %

Proof. This follows from the previous computation on v, (X, s). |

5. COMPUTATION OF SOME C-FUNCTIONS

Theorem 5.1. Let m > maz{l,h}, for G = SU(3), charF # 2, then v, (A, s) are given as follows: first
assume E/F is unramified

o If X is unramified \s(z) = |x|%; then

B B 1— q2s—2 1 + q2s—1
2 8
(s 8) = 120> 4" = g2 1+q2

o If )\ is ramified of degree h > 1 and N|p © =1 then

B B B 1+q2s—1

_ 1—-2s 8ms h(2s—1

(A, 8) = |25 2 A(1)g 5o g )71+q_23

o If X\ is ramified of degree h > 1, A px ramified of degree h' > 1 then whs # As for any s and

Ym (A, 8) =
2152 @) AT B AT BT AT (e | [72+)
Now assume E/F is ramified
— If M(z) = |z|; is unramified then
—2s _—4ms sl_qs_l
Ym (A, 8) = |2Hm gy ﬁ
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— If X\ is ramified of degree h > 1 and M| x =1 then
V(A 8) = |20 g7 A (7)g g P
— If X\ is ramified of degree h > 1 and Mo, x has order 2 then
T ) = 205 A @) e e ey g
— If X\ is ramified of degree h > 1 and x — A(xT) is ramified on E* of degree h' then v, (), s) =
252 A 2)g A ()2
Le(A@T)| - [B)LeA)Tr(A " pz - |- [27)

This theorem is proved by computing the unipotent integral

Ym (A, 8) = /N fm,)\,s(nw) dn

AL (y)
1

1
= / fm,)\,s _1%
y

the difficulty is that the integral is over those x,y € F satisfying y + 7 + 27 = 0.

<8 =

6. R-GROUPS FOR SU(3)

Recall that R = {w € W) | @« € A’ and a > 0 imply that wa > 0}

Theorem 6.1. For G = SU(3), R =& Zy. Euxplicitly, any A with non-trivial R-group is conjugate to a
character X defined by specifying distinct characters X of E* satisfying A(zZ) =1, A # 1 and \|px = 1.
The commuting algebra of IndEX is given as the group algebra C[R)], thus IndS\ decomposes into |R| < 2

irreducible inequivalent components.
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