SPHERICAL FUNCTIONS ON A GROUP OF p-ADIC TYPE

RUI CHEN

1. INTRODUCTION

This is a summary of the result of Macdonald’s book [Mac|. In essence, it is an account of the theory
of zonal spherical functions on the group of rational points of a simply-connected simple algebraic group
defined over a p-adic field, relatively to a suitably chosen maximal compact group.

2. PLANCHEREL MEASURE

2.1. The standard case. Let 7' be the character group of the discrete group T. T is the product of ¢
circles, and may be identified with the torus A*/L, where L is the lattice of linear forms v on A such that
u(av) € Z for all a € Xy. Let ds be Haar measure on the compact group T, normalized so that the total
mass of T'is 1.

We shall assume that q,/2 > 1 for all a € ¥g in this section, call this the standard case. The exceptional
case, where ¢,/ < 1 for some o € ¥ will be discussed separately.

Theorem 2.1. Assume that o2 > 1 for all a € ¥, then the Plancherel measure i on the space QF of
positive definite spherical functions on G relative to K is concentrated on the set {ws: s € T} and is given
by

QlgY) _ds

W) = T TP

where |Wy| is the order of the Weyl group Wy.

2.2. The exceptional case. In this section we will consider the case excluded from the considerations of
namely where g,/ < 1 for some a € ¥o. First of all, this will imply that § € ¥ for some a € ¥, so
that the root system X is not reduced. Since it is irreducible, it is must be of the type BCy, there is a basis
of ¥ consists of
+e;,, (1<i<Y), £2e;, (1<i<Yl), £e;+e; (1<i<yj<d)
and X, consists of
+2e,(1<i<¥), te; ej(1<i<j<Y)
We choose the set of simple roots to be
HO = {61 — €3, €3 — €3, ‘26[}
Let
90 = G+e;te;r 91 = G+e;r 42 = Q+2¢;
so that ¢1 < 1. Put
by = toe, (1 < i < 0)
If s € S, put s; = s(t;) € C*, then ¢(s) is the product of the factors

~1/2 _ “1/2 1 _
(1+q, /Si N(1-q /q215i1)

-3
1—s;

for ¢ = 1---¢ and the factors

1 1

-1 -1 _ ol -1
l—qy s; sj 1—d9 s;is;
—1

-1 —1
1—s,"s; 1—s; s;

Let ¢(s) = c(s)c(s71).
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Define a function ¢;(s) inductively as follows

$0(s) = d(s) = c(s)e(s™")
also

. Gy g, (5)
Gs(8) = by (8) = lim L 1y2 ]12_TJ ~1/2
sip—=—a o’ 1+4qy q "S5,

The final form of the Plancherel measure will depend on how many of the numbers

1/2 1/2 1 1/2
fh/ ,(Io(h/ )T ,Qé 1‘11/
are less then 1. So we define ¢, 0 < r < / as follows ¢y = 1 and

Lif g 'qy? < 1
€, =
" 0 otherwise

Or(ws) = by (s) if [J| =7

Theorem 2.2. The Plancherel measure p on the space of positive definite spherical functions is concentrated
on the sets ). such that €, = 1 where €, is defined as in. On Q,., p is given by

() = Q(aqu )qﬁ:l(w)

where w, = 20770 — r)! is the order of the normalizer in Wy of any T such that |.J| = 7.

we may define

2.3. Comparison with the real and complex cases. Let k be a local field, that is to say kis R, C or a
p-adic field, and the additive group of k is self-dual. Associated canonically with %k there is a meromorphic
function 7k (s) of a complex variable s, sometimes called the gamma-function of k.

If f is any well-behaved function on k, let f be its Fourier transform with respect to the additive group
structure, since k7 is self-dual, f is a function on kT. If Re(s) > 0, define

) = [ 1) el
Then ¢(f, s) has a functional equation
C(fr8) = m(s)C(f, 1= 9)
k =R: take f(z) = e=2mlal? (]| the ordinary absolute value on C), then again f = f, we find that
)

Tr(S) = W(sq)/zp(l%s)
so that 11 L1
TR(S)TR(—S) = B(g: 53)3(57 *55)

k =C: take f(z) = 6_2”‘7“"2, then again f = f and we have
(2m)~°T'(s)

7e8) = Gryra = s)
so that )
Te(he(—s) = —o

k a p-adic field: taking f to be the characteristic function of the ring of integer of k, then we find that

here ¢ is the number of elements in the residue field. In this case, we have
1 1— q—l—s 1— q—1+s

1—q s 1—¢q®
2

Yie(8)ye(—s) = d~



Now let G be a universal Chevalley group G(Xg, k) where k is any local field. If K =R or C, let K be the
maximal compact subgroup of G. If k is p-adic, let K be the maximal compact subgroup of G.

If £k = R or C, then the zonal spherical function on G relative to K are parametrized by the R-linear
mappings s : A — C, and the Plancherel measure for the positive definite spherical functions is supported on
the space of pure imaginary s. If ds is a Euclidean measure on this space, then the Harish-Chandra measure
w is of the form

where k is a constant and

we have
e(s)e(—s) = [T w(s(a*))
a€Xy
On the other hand, if k is p-adic, then we have seen the support of the Plancherel measure is the character
group T of T, to bring out the analogy with the real and complex case we shall replace the multiplicative
parametrization of the spherical functions, if so € S = Hom(T,C*), we define

s:A—C/ (ﬁ)Z
logg
by the rule
so(ta) = ¢~
where as before ¢ is the number of elements in the residue field of k. Then from the Plancherel measure

w is of the form
ds
di(ws) = k——
’ |c(s)[?

where ds is the Euclidean measure on the space of pure imaginary s, k is a constant and

1— q—l—s(av)
o) =11 5= =
aEEar
we have
c(s)e(—s) = [ (s(a¥))
a€Xg
SO sum up

Theorem 2.3. If k is any local field and G = G(Xo, k) is a universal Chevalley group, then the Plancherel
measure on the space of positive definite spherical functions on G relative to the mazximal compact subgroup
K is of the form

K- ds

[Taes, 1 (s(a¥))

Also for non-split groups, there is a strong resemblance between the Plancherel measure in the real case
and in the p-adic case.
In the work of Harish-Chandra, the Plancherel measure p is given by

dp(ws) =

where k is a constant and ¢()) is a product of beta-functions, namely
1 1 1.,y
c(A) = H B(§mb, 1m/2 =+ 5)\(5 )
bexf

let



which is the local zeta function ((f,s) for f(z) = e~™", we have

. Cr(3mp/2 +A(DY))
(A = H Cr(my + 3mys + A(BY))

best
where k is independent of A.
Now we turn to the case k is p-adic. If the number of elements in the residue field of k is ¢, then each
index ¢, (b € ¥1) is a power of ¢g. We shall write
g =q"" (beX)
and call m; the formal multiplicity of the root b € 3.

Theorem 2.4. For k real or p-adic, the Plancherel measure is
dX
(V]2

du(wy) =K -

where k 18 a constant and

() = H Crel(Fmpy + A(DY))

Lm0 +my + A(BY
vent Cr(5mp/2 b+ A(DY))

the functions (i are defined in (5.3.5) and (5.3.7).
Remark 2.5. There is one important difference between the real and p-adic cases, in the p-adic case the

formal multiplicity m; can be negative if 2b is also the root, this is precisely the ”exceptional case” dealt
before.
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