SPHERICAL FUNCTIONS OF HERMITIAN FORMS

RUI CHEN

1. INTRODUCTION

This is a summary for a series of papers by Hironaka [Hir88a)], [Hir89], [Hir88b], where she studies the
spherical functions on Hermitian forms.

2. NOTATION

We denote k a p-adic local field, where the residue field of k is not of char 2, let £ be a unramified

extension of k of degree 2. For a matrix A € M, (k), denote A* = A'. For a positive integer n, let
X=X,={AecG: A*=A} and X(0O) = XN M,(O). The group G = GL, (k) acts on X by g-z = gzg*.
For z € X, let ;) be the upper left i by 4 block of = and d;(z) the determinant of x.

Let C° (X)X = S(K\X) be the K-invariant compactly supported smooth function on X. This is naturally
a module of J#(G, K).

Now we recall the spherical functions and the spherical transform on S(K\X),letx € X, s = (s1, -+ ,8n) €
C" and a character x = (X1, , Xn) of (k*/k*?)" for which y;(7) = 1, we define

CWZ):C(SC;S):/,Hldi(k-x)\&i dk
i=1

and

F: S(K\X) — C(¢*,---,¢"")
F(g)(2) = /X oD@ 2) da

3. n =2 CASE
Theorem 3.1. For A = (A1, \2) € As, we have
(_1)>\1q*(>\17/\2)/2(q2z2 _ q22171)
(I+q72)(¢* + ¢*)

Z o {g™2 ¢ +(12Z271}
q q2z1 _ q222
oc€Sy

C(’/T)\v Z) -
where (X, 2z) = 2A\121 + 2X229 and o acts on z1 and z3 as permutation.
For x € X N M3(0O), we have

|det |2 pPr(n" x)

1+¢2 = w(mwr,mr)

C(Wr§81)

C(z;51,82) =
. 7.r2n 0 71_271—1 0
By the formulas for ¢ and uP" we get the formulas for ¢( 0 1 ;81,82) and (( 0 1 i S1,82),
and hence the formula for ¢
(_1))\1q—()\1—)\2)/2(q222 _ q221—1)

A _
= (1+q¢72)(¢* +¢*)

S ofge ¢ +q222_1}
q q221 _ q2Z2
g€Ss

We define ¥, (z) = % (z; z), then by theorem we see that U, (x) is an entire function of z

in C? and satisfies the functional equation ¥, (z) = ¥, (z) for o € S,.
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We define for each ¢ € S(K\X)
o) = [ o) do
Let a* = {iR/(7/(logqg) Z)}? and denote du(z) the measure on a* by
(1+¢7%)?* dz
2(1=q7") le(2)?

where dz is the measure on a* normalized by fa* dz=1, 2= (21,22) € a* and

du(z) =

q221 + q22271

c(z) =

Theorem 3.2. (Plancherel formula) For any p,v € S(K\X), the following identity holds:

/ (@) P = / ()P ()duz)
X

a*

q221 — q2Z2

For ¢ € S(K\X), define ¢ € S(K\X) by ¢(z) = ¢(z71), x € X. To prove theorem it suffices to
show that the identity holds for (chy)¥ and (ch,)Y, let v(K - 7*) = [, chy(z) dz, it is easy to see

/X (chx)¥ (2)(chy,) V() dx = dxu0(K - )

4. GENERAL CASE

X has an open P-orbit X’ and finite P-orbit decomposition X’ = U, X, {d;(z) | 1 <i < r} forms a set
of basic relative P-invariants defined over k and k-rank of (P) = rank(X*(P)).
For x € Q,g € G and s € C" with Re(s;) > 0 we put

d(giz) =1x,(g- ) [[ ldilg - =)

i=1

we set

w; () :/K d; (kyx) dk

=) wil@)
u
Proposition 4.1. For x € Q generic s and x = xs, we have

(Wi (2))uea = 0 Z Y(oX) B 0)(Z(dy*(; ) (1) Juew

oceW

then we have

and B, (x) is the invertible matriz determined by
(Wff(x))ue% = BU(X)(WZX(x))UE%
The following theorem is proven based on the Casselman-Shalika method

Theorem 4.2. For each \ € A,,, we have

Zj zi—1
% 2) = (-1 Ei g Sizn2 T 224 ¢ gt
w(ﬂ- 7Z)_(_1) i=1 i=1 H — H » .
i=1 1_q ' 1<i<j<n q% + g*
qzi _|_qu—1
x Z (g™ H — )

Zi _ q%j
ocES, 1<i<j<n q q

where o € Sy, acts on z = (21, ,2n) a5 0(2) = (Zo(1), " s Zo(n))-
2



Let X = (X1, s Xn) € {(K*/N(£*))"}". Define
L(x;x;8) = L(w; x5 2)

tLﬁmwm

then for x € Q;, we have

Lizixis)= Y, x(ww(@)
ue{0,1}m
We define the spherical Fourier transform on S(K\X) as

A S(K\X) — C(¢*, - ,¢™)
w~w@=AﬂWMfUM

Theorem 4.3. The spherical Fourier transform A gives an J€(G, K)-module isomorphism
S(K\X) = Clg*™,--- ,¢F*]5"
where the right hand side is regarded as the (G, K)-module.

Using the explicit expression of spherical functions in theorem 1, we can prove the following theorem on
Plancherel formula by the same argument used in the Macdonald formula

Theorem 4.4. (Plancherel formula) Let a* = {i(R/i—ggZ)}" and define the measure du(z) on a* by

l Wn(_q_l) dz
n! (1+q7 )" e(2)]?
where dz is the Haar measure on a* normalized by fa* dz=1 and

qzi+qzj—1
)= ] i

Zi — g?j
1<i<<j<n q q

du(z) =

then for any ¢, € S(K\X) we have

/wwwﬂmz/¢@a@ww
X a*
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