GEOMETRIC COCYCLE

RUI CHEN

1. INTRODUCTION

This is my study note for Spencer Leslie’s paper [Les24], where he introduced the notion of geometric co-
cycles which together with the Galois action on spherical systems determines the well-adapted homogeneous
spherical varieties up to G-inner twist.

2. NOTATION

We will fix k a characteristic zero field, T' = Gal(k/k), k its algebraic closure. We will let G be a connected
reductive group over k.

X a spherical variety for G, and we introduce the following invariants for X ( both are over k): Ay the
maximal torus of A, y = X*(Ax) the weight lattice of X, ¥x C x the set of (primitive) spherical roots for
X, X% the set of n-spherical roots, Ay the root lattice, 2(X) the set of B-stable prime divisors of X.

3. UNIQUENESS OF HOMOGENEOUS SPHERICAL VARIETIES

We will introduce the following types of spherical roots, they will play an important role in the calculation
of various automorphism groups and in fact also in the proof of

Definition 3.1. We define the following four types of spherical roots, X1, %% %3 ¥4

(1) v € ¢ and there exists D € Z with p(D) = 1aV|a.
(2) there is a subset ¥ C X¢ of type B, n > 2 such that

y=artax+-an

and a; € X5 for i > 1.
(3) there is a subset {a1, as} C X of type G with ay short root and v = 21 + «o.
(4) vy € X*(Ax) but v ¢ Z®.

Following the approach of Knop, Losev proves a uniqueness result [3.2] for the homogeneous spherical
varieties with given combinatorial invariants, one of the advantage of his approach is that he avoided the
case-by-case considerations, and also he clarifies the relation between the ( primitive spherical roots) ¥ x and
the n-spherical roots X% generates the root lattice Ax, he introduced the definition of distinguished roots,
and this provides us with a way to calculate the G-equivariant automorphism group of X.

Given X1, X two spherical varieties, we write 2(X1) = 2(X5) if there is a bijection ¢ : 2(X;1) = 2(X2),
such that Gp = Gy (p), p(D) = p(¥(D)), here Gp ={g € D | gD = D}.

Theorem 3.2. Let Hy, Hy be two spherical subgroups, X1 = G/Hy, Xo = G/Haz, if x(X1) = x(X2), ¥x, =
Vx, ,P2(X1) = 2(X3), then Hy, Hy are G-conjugate.

Furthermore, it can be shown that once the assumptions in the theorem are satisfied, any bijection
¥ (X)) — P(Xs) is induced by some element of Aut®(X;) = Aut®(X,).

Losev clarifies the distinction between X x and X%, and he introduced the notion of distinguished spherical
T0018.

Definition 3.3. Following Losev, we will call roots of type (1), (2), (3) the set of distinguished roots.

The following theorem studies the relation between ¥ x and X%.
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Theorem 3.4. Assume X is a homogeneous spherical variety, then we have
= (Ex NAG\ZE) U {2a | a € B¥TU(Ex\Ag)}
in other words, X% is obtained from Yx by replacing spherical roots a of type (1), (2), (3), (4) by 2c.
We have the following functorial properties between distinguished roots

Lemma 3.5. Let X1, Xo be two spherical G-varieties and let p : X7 — Xs be a dominant G-equivariant
morphism, then Efx—l N¥x, C Zixz fori=1,2,3. If v is generically etale, then we have the equalities hold.

The distinguished roots also behave well under parabolic induction
Proposition 3.6. Let X be a spherical G-variety of the form G xpu V', where H is a reductive subgroup of
G and V is an H-module, then ¥% C ZZG/H fori=1,2.
4. FORMS OF SPHERICAL VARIETIES

Definition 4.1. A k-form of the spherical pair (G, X) is a k-form of the action G x X — X, that is a pair
(G, X') where the reductive group G’ over k acts on the variety X’ over k, such that we have k-isomorphisms
te 1 Gy — Gr and tx : Xy — X7, and the following diagram commutes

J{tGXtX ltx

GLx Xp—— X
Theorem 4.2. Given a spherical pair (G, X) defined over k, then the k-forms of a spherical pair (G, X)
are classified by H' (k, Aut(Gg, X7)) up to k-isomorphisms.
We will denote y1(g,x) : I' = Aut(G, X) the k-structure determined by the k-spherical pair (G, X). Given
(G', X") a k-form of (G, X) the 1-cocycle ¢ : I' = Aut(G, X) is given o — tier (o)

H(G,X)(U)
We are actually more interested in the k-forms (G, X’) with G’ = G over k.

Corollary 4.3. Given a spherical pair (G, X) defined over k, then the k-forms of a spherical pair (G, X)
are classified by H(k, AutG?(XE)) up to k-isomorphisms.

Given X a k-spherical variety for G, we will denote px : I' — Aut®(X) the k-structure on Aut®(X)
determined by X. Let X' be a k-form of X, then the 1-cocycle [cx/ x]: T — Aut®(X) is given by

(4.1) o s uxr(0)/px (o)

Now we restrict to homogeneous spherical varieties, we choose z¢y € X (k), hence a k-isomorphism X =
H\G, then we have Aut®(X) = H\Ng(H), we have a natural map Aut®(H) — Aut(H) via conjugation,
composing with Aut(H) — Out(H), we obtain a map

Aut®(X) — Out(H)

we denote Outx (H) C Out(H) its image and A% € Aut®(X) the kernel of this map, both A% and Out x (H)
are defined over k.

Lemma 4.4. The map out§, : Aut®(X) — Out(H) is T-equivariant for the natural action on Out(H).

Definition 4.5. Suppose we have (G, X) with X = H\G and (G,X’) with X’ = H'\G is a k-form of
(G, X). We say X' is a G-inner form of X if the cocycle cx,x+ € Z'(k, Aut®(X)) takes value in AY.

From the commutative diagram

1—— A% —— AutY(X) —— Outx (H) —— 1

N T

1 Hgaq Aut(H) — Out(H) — 1
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we see if X’ = H'\G is a G-inner form of X, i.e. it corresponds to a class [¢] € H'(k, Aut® (X)) which is the
image of H*(k, A% ), we have H' corresponds to a class [¢] € H'(k, Aut(H)) which comes from H'(k,Inn(H)),
hence then H’ is an inner form of H.

Lemma 4.6. Suppose G is a reductive k-group and X = H\G is a homogeneous k-variety, let X' be a
G-form of X, then the cocycle cx x+ induces the trivial cohomology class in H'(k, Outx (H)) if and only if
X and X' are G-inner forms.

Proof. This follows from the long exact sequence associated with the short exact sequence:
1 — A% — Aut®(X) — Outx(H) — 1
we get H'(k, A%) — H'(k, Awt®(X)) — H'(k,Outx (H)). O

5. EXISTENCE OF EQUIVARIANT MODELS

We summarize the result of Borovoi and Gagliardi [BG22] concerning the existence of equivariant models
of spherical varieties in the following sections.

5.1. Galois descent theory. Let k be a field of characteristic zero, and I' = Gal(k/k), for v € T', we denote
~* : Spec k — Spec k the morphism of schemes induced by -, then we have (y172)* = 75 o ~7.

Let (Y,py : Y — Spec k) be a k-scheme, a k/k semilinear automorphism of Y is a pair (7, ) where v € T
and p: Y — Y is an isomorphism of schemes such that the following diagrams commutes:

y — " vy

JPY pr
()t

Spec k —— Spec k

we also say that p is a y-semilinear automorphism of Y. Note that if (v, u) is a semi-automorphism of Y,
then p determines v uniquely.

Definition 5.1. We denote SAut(Y") the group of all y-semilinear automorphisms p of Y for ~ runs over T'.
By a semilinear action of I' on Y we mean a homomorphism of groups

po I'—= SAut(Y), v — sy
such that for each v € I' the automorphism f, is y-semilinear.

Example 5.2. Let G be a linear algebraic group over k, we denote by SAut(G) the group of all y-semilinear
automorphisms 7 of G, for v runs over I'. Any algebraic semilinear action o of I" on G comes from a k-model
and conversely any algebraic semilinear action o of I' on G comes from a k-model of G as G is an affine
variety.

Definition 5.3. Let Y be a k-variety, we say that a semilinear action x4 of I' on Y is algebraic if there is a
finite Galois extension £/k of k and a ¢-model Y7 of Y inducing the action of u on Gal(k/¥¢).

Lemma 5.4. Let Y be a k-variety, an algebraic semilinear action p of T' on'Y comes from a k-model of Y
if and only if Y admits a covering by I'-stable open affine subvarieties. In particular, if Y is quasi-projective,
then any algebraic semilinear I'-action on'Y comes from a k-model.

Let G be a linear algebraic group over k, and let )) be a G-variety over k, we let G be a k-model of G.
Definition 5.5. Let Y be a G-variety, and G a k-model of G with semilinear action o : I' — SAut(G), let

w: T — SAut(Y) be a semilinear action, we say p is o-equivariant if
1y (9y) = 05(9) - 1y (y)
forally €T, y € Y(k), g € G(k).

If i comes from a G-equivariant k-model Y of ), then it is o-equivariant and conversely we have the
following descent result



Lemma 5.6. Let G,),G and o as in the previous definition, let p be a o-equivariant algebraic semilinear
action of I on Y, then the following two are equivalent

(1) p comes from a G-equivariant k-model Y of Y.
(2) ¥V admits a covering by I'-stable quasi-projective open subvarieties.

Example 5.7. If ) is a homogeneous G-variety then it is quasi-projective and hence (2) is satisfied, so any
o-equivariant algebraic semilinear action of I" on ) comes from a G-equivariant k-model Y of ).

Let G be a group scheme over k, we an exact sequence
1 — Aut(G) — SAut(G) - T

let G be a k-model of G, then it defines a semilinear action o, since Aut(G) is a normal subgroup of SAut(G),
this action induces an action of I' on the group Aut(G).

Recall that a 1-cocycle valued in Aut(G) is a map ¢ : I' — Aut(G) such that c,g = ¢y - Ycg for 7,5 € T,
we will denote the set of 1-cocycles by Z(k, Aut(G)). For every ¢ € Z'(k, Aut(G)), we can consider the
c-twisted semilinear action

o' :T — SAut(G), v~ cyo0,
it follows from the cocycle condition o’ 5 = o7 o 0} for all 7,3 € T.
The semilinear action comes from some k-model G’ of G, we will write G’ = G, and say G’ is a twisted

form of G by the 1-cocycle c.

5.2. Models of affine spherical varieties. In the following, k = k will be an algebraically closed charac-
teristic zero field, G will be a connected reductive group over k, B a Borel subgroup of G with unipotent
radical U, T a maximal torus of B and X will be an affine G-variety.

Definition 5.8. For any affine G-variety X, weight monoid of X ¥, C X*(T') will be the A € X*(T') such
that

k[X] = @xex~mV(A)
here V() is the irreducible representation of G with highest weight .

Up to G-equivariant isomorphism, there may be several different affine spherical varieties with the given
weight monoid ¥;,: as there might be different multiplicative structures on the G-vector space k[X]. On the
other hand, the ring of U-invariants k[X]Y is always T-equivariantly isomorphic to the group algebra k[I].

From now on k will be a characteristic zero field, G a connected reductive group over k, G a k-model of
G. X a G spherical variety over k, suppose X is a G-equivariant k-model of X, then the I'-action defined by
G preserves ¥,,; and the valuation cone 7.

It turns out that the converse is also true when G is a quasisplit k-group, the converse is also true

Theorem 5.9. Let X be an affine spherical G-variety over k with wight monoid ¥y and valuation cone ¥ .
Let G be a quasisplit k-model of G, then X has a G-equivariant k-model if and only if the I'-action defined
by T' preserves Yy and V.

Their proof uses the moduli scheme My, the k-points of M, corresponds to the equivalence classes
[X, 7] with X an affine spherical G-variety with weight monoid A and 7 : k[X]Y — K[A] a T-equivariant
isomorphism of k-algebras.

5.3. Models of homogeneous spherical varieties for quasisplit groups. In this section, X will be a
G-homogeneous spherical variety over k.

Let 2(X) be the set of B-stable prime divisors of X, we let Gp be the stabilizer of D in G. We have a
valuation map p : Z(X) — ax. For D € 2(X), we let £(D) be the set of & € X such that P, € Gp. We
obtain a map

(: 9(X) — 2(X) D~ X(D)
for (%) the power set of X.
We consider the map
pxC: (X)) —ax x Z(X)
we denote Q by its image. The fibers of this map is either 1 or 2 colors. Let Q1) Q) denote the corresponding
subsets determined by the size of the fiber.



Theorem 5.10. We let G be a connected reductive group over k = k. We denote Qx = (x, EX,Q(U,Q@)),
suppose X1 = H1\G, Xo = H2\G are two homogeneous spherical varieties over k and Qx, = Qx,, then Xy
and X5 are G-isomorphic.

We note that the spherical systems associated to X is Sx = (x, Xx, Z(X), p), so Sx is in fact part of the
data of Qx.

We recall the following construction from Brion and Gagliardi, which allows us to write any homogeneous
spherical varieties H\G as a quotient of a quasi-affine spherical homogeneous space by a torus.

Let C be a k-torus with character group (D) for D € 2, then C(k) is the group of maps 2 — k-, we
may define G’ =G xC and B' = B x C, so X*(B') = X*(B) ® X*(C), and x can be regard as a sublattice of
X*(B'), and (x,Xx, 2) are the combinatorial invariants of the spherical subgroup H x C C G'.

Now we define some new invariants

X'=x+{p), De P c X*(B)
we also define p’ via
(p(D),N)  for A€y
(P'(D),N) Q q for A = Ap
0 for A = Apr with D" # D

and we can set ¢'(D) = ¢(D). So we obtain a new set of colors 2’ which is the same set as 2 but with
different maps p’ and ¢’, we set Q' = im(p’ x ¢’), then we have Q'® = () and V) = 2’ = 2.

Proposition 5.11. The invariants (X', Xx,2') comes from a quasi-affine spherical homogeneous space
H\G' such that H' C H x C.

To study the existence of the k-form, we first note the following result

Proposition 5.12. Suppose that G is a quasisplit connected reductive group over k and X = H\G is a
spherical homogeneous k-variety, then the induced T'-action on X*(T) and Y.g preserves Qx.

When G is quasisplit, Borovoi and Gagliardi proves the following result as an inverse to the previous
result, when o) = 2, we may choose a continuous lift

ag: I'x 2(X) — 2(X)
which is the same as choosing an action of T on Q(2),

Theorem 5.13. Suppose G is quasisplit and X = H\Gy, is a spherical homogeneous space of Gy.. We
assume the T-action induced from G preserves Qx, then for any lift ag of the T-action from Q to 2(X),
there exists a G-equivariant k-model X of X inducing ag. Moreover X (k) # 0, so that X = H\G for H a
k-subgroup of G.

We note the proof is reduced to the affine case and an existence result of spherical subgroups.

Proof. Let X' = H\G be the quasi-affine spherical homogeneous space from with combinatorial invariants
(X, Zx, XD Q) and let X be its affine closure. According to a result of Grosshans, the codimension of
X\(H\G') in X is at least two, which means there are no G’-invariant prime divisors in X, hence the set of
colors 2" is the set of all B’-invariant prime divisors in X. A rational B’-semi-invariant function f € k(X)®")
is regular if and only if vp(f) > 0 for every D € 2’. Since by definition (p'(D),\) = vp(f) where A is the
B’-weight of f, the weight monoid of X is

Yt ={NEX | (P (D), \) >0 for every D € 2'}

We set G’ = G x C, then from the construction, the I'-action on C defined by C' comes from ag. Then
the T-action defined by G’ preserves (', Zx, 21 ) now from the existence of equivariant model for
affine spherical varieties we see there exists a G’-equivariant k-model X of X, which induces a G'-
equivariant k-model X’ of the open G’-orbit H'\G’, its quotient by C is a G-equivariant k-model X of H\G,
by construction, the I'-action on Q') = @ is a g, this is what we want. O
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Example 5.14. For X = G,,\PGLs over k, we have 2(X) = {D1, D2}, so there are two lifts of T-action
from ©Q to 2(X). The trivial T-action corresponds to the k-form G,,\PGLy over k, and the non-trivial
I-action corresponds to the k-form Res; /kGm\PGLs, for £/k a quadratic extension.

6. GROUP OF DOUBLING AUTOMORPHISMS

In this section, X will be a G-spherical variety over k. Following Leisle, let’s introduce the group of
doubling automorphisms, which encodes the arithmetic information for a spherical variety X over k.

We begin with the connected case: X = H\G, mo(H) = 1, 2%t C Ty the set of distinguished spherical
roots, % is obtained from Y% by replacing 2« for all o with o € E%St, so only the spherical roots o € ¥%
are doubled, we let A% := ZX? this is a I-stable subset of Ax.

We obtain a short exact sequence of I'-modules

0 — A% /Ax — x/Ax — /A% —0
and a dual sequence of diagonalizable k-groups
1— A% — Ax — Auty(X) — 1
Definition 6.1. We call Auty(X) the group of doubling automorphisms.
For each o € X%t it determines a canonical character j, = (a, =) : Ax (k) — pa(k)

I1., #a
(6.1) Autg(X) 7 =25 TLL 1o

this is a k-isomorphism.
Next we determines the k-structure on Auty(X): we will see that the canonical k-structure on Ax induces
a k-structure on Autq(X), let Ix be the index set of I-orbits on ¥4*, then

Yx = Uiery Oi = Uy,c0,(N/T)vi
for T'; = Gal(k/k;), stabilizer of +; under I'-action. We get
X*(Auty(X)) = Indk (Z/2Z;) = (2/22)7%"

and hence Auty(X) = [[;c;, Resk, /i (p2)-

For X7 a spherical variety for Gy, the k-structure on the group Auty(X) is independent of the G-
equivariant k-model of X7 as the I'-action preserves {x and the I'-action on Y% is independent of the
choice of forms, but as we saw before, the canonical k-structure of Ax depends on the k-form X.

Lemma 6.2. Suppose X = H\G is spherical and H is geometrically connected, in the long exact sequence
on cohomology, the map

H(k, Ax) — H*(k, Auty(X))

1S surjective.

Now assume 7o(H) is not trivial, H° the connected component of the identity, X° = H°\G. The first
naive

naive attempt is to define Aut]};**"*(X) as Ax /A%, however the following example shows that this group
maybe too small.

Example 6.3. For G = SLy x SLy, H = (Ty x Tp) U (Tow x Tow), 0(g) = tg~ ', w € Nsr,(To)\To,
H° =Ty x Ty, then we have Axo — Ax. We have Axo = g X 1o, Ax = po X /Ay, = ps. Both spherical
roots of X° are distinguished, for X both spherical roots are of type N, and so Aut”***¢(X) = 1. Moreover,
we can calculate Outxo.(H®) = Autg(X°), and Outx (H) = pus = Ay, if we take Auty(X°)/Autq(mo(H)) as
the definition, then we have Outx(H) = Auty(X).

Definition 6.4. We define the group of doubling automorphism of X = H\G as Auty(X) := Auty(X°) /7o (H),
here X° = H°\G.
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With this definition, we have the following commutative diagram for Auty(X) with exact rows
7To(H) AXO AX
Auty(mo(H)) —— Autg(X°) —— Auty(X)

from this we deduce that Auty(X°) = Auty(X) if H° C H C H° - Z(G).
Leisle introduced the following conjecture motivated by the study of G-inner forms

Conjecture 6.5. Suppose G is a quasisplit reductive k-group and X = H\G is a homogeneous spherical
variety then the map
H'(k, Ax) — H'(k, Auty(X))

18 surjective.

7. GEOMETRIC COCYCLE

Let X = H\G be a homogeneous spherical G-variety, we first assume H° C H C H°Z(G), so we have
the k-isomorphism
Auty(X) = H Resy, /i (12)
i€lx
Recall that we have the short exact sequence

1—>.Ax(/€) — SAxy — T

here the multiplication on SAx is given by (a X o)(b x 7) = ac(b) x o7.
We have the following commutative diagram with exact rows

1 Ax (k) SAx ——7T

| | ]

1 —— Auty(X) (k) —— SAuty(X) —— T

here SAuty(X) = SAx /A% (k).
The k-structure of X gives a splitting ux : I' = SAx, which descends to I' — SAuty(X), under the
isomorphism (6.1]), we can obtain a canonical extension

1— pp(B)™5" — po(B)™%" T — T
we have the following group law on ps (E)de”‘ x T
[(€2)a, ol[(€3)ar ] = [(€0€5-1(a))ar 7]
so we obtain a morphism € : SAx — ug(E)Z%m x T via €(s) = [(pta($))a, 0], indeed we have the map
a X o+ [(ta(a))a, o], and it can be checked that e((a x 0)(b x 7)) = €(ao(b) x 07) = [(ta(ac(h)))q,o07] =
[ta(a), o][pa(b), 7] = €(a x 0)e(b x 7). Here we use the identity that
fia (a0 (b)) = pa(a)pia (o (b)) = pra(a)pis-1(a)(b)
and the group law on SAx.

Definition 7.1. Let X be a G-spherical variety. Given X a k-form of X, this induces a section ux : I' —
SAx, composing with €, we obtain a section

Adist . T s S Ay — pa(B) 5K X T

composing with the trivial section po (k)zggsf T — o (k)zgg‘sf7 we get

pe T — @™ = [] =1 o= [ talux()

dist dist
aeX§ aeXy

we will call u4 the geometric cocycle for X.



Here we check that u%(07) = [[ua(ux(07)) = [Tpral(a x a)(b x 7)) = [[palac(®)) = []ua(a x
o) (IT ta(b x 7)) = u% (o)u% (7)7, hence u% is indeed a 1-cocycle valued in Autq(X).
The following proposition explains why geometric cocycle is useful in the study of G-inner forms.

Proposition 7.2. Let G be a quasisplit group over k, X a homogeneous G-spherical variety with X = H\G
and H geometrically connected, X' a k-form of X, then for the cohomology class [cx+ x] € H'(k, Aut®(X))
under the map

v HY(k, Aut® (X)) — H'(k, Auty(X))
we have ¢ ([ex x]) = [n%] — [u% ).

Proof. We note that the 1-cocycle [cx/ x| valued in Aut®(X) is given by pux//ux : T — Aut®(X) as in
(4.1). Hence under the k-map

(7.1) Aut?(X) — Autg(X)

(7.2) a > Hya(a)

it gives us a l-cocycle valued in Auty(X), so we get ¥(fcx x]) : T — Autq(X) is given by o —
4 o o, .

Hﬂa(%) = l;)é((a)) = [Mc)l(/] - [u%] by definition. 0

In the general case, we can use the commutative diagram

Autg(X°)(F) —— Auta(X)(F)

J |

2 (B —— (R / Auta(mo (H)

Definition 7.3. Given two G-forms X and X' of X7, we say that they are in the same geometric class if
their geometric cocycles satisfy [u%] = [u%.] in H(k, Autq(X)).

We can ask about the existence of the geometric class accociated to each geometric cocycles

Proposition 7.4. Let X be a G-spherical variety over k and G a quasisplit form of G over k, when mo(H)
is trivial, there exists G-forms X associated to each geometric class as soon as the I'-action induced from G
on X preserves Qy.

Proof. Indeed, we have a surjecture map H'(k, Ax) — H?'(k,Auty(X)), since the I'-action on X pre-
serves (x, we have a G-spherical variety X’ which is a k-model of X', to any geometric cocycle [u?] €
H'(k, Auty(X')), we can find [¢] € H'(k, Aut®(X")), and this corresponds to X a k-form of X which has
[19] as the given geometric cocycle. O

Proposition 7.5. Suppose conjecture [6.5 is true, then there exists G-forms X associated to each geometric
class as soon as the I'-action induced from G on X preserves Qy .

Proof. The proof is similar to the previous proposition, again we use that H*(k, Aut® (X)) — H*(k, Autq(X))
is surjective. O

Recall that, we have defined the canonical map out : Ay — Out(X), and various automorphism groups
A, AL, A%
Lemma 7.6. We have natural inclusions A% C A% C A}%. In particular, there are surjective morphisms:
Outx (H) — Autg(X) — Autn(2(X))
The G-inner forms X’ are characterized by that cx _x being trivial in H!(k, Out(X)), and by definition X

and X' are in the geometric class if [u%] = [u4.] in H*(k, Auty(X)), the following class of spherical varieties
is a natural class to study

Definition 7.7. Suppose G is a quasisplit group and X a homogeneous spherical G-variety, we say X is
well-adapted if the natural morphism Out(X) — Auty(X) is an isomorphism.
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The following result is proven in Leisle’s paper which characterizes the classes of G-inner form of X using
Qx and [u%] the geometric cocycle.

Proposition 7.8. If X; = G/Hy and Xy = G/Hs are two well-adapted homogeneous spherical varieties for
G with G quasisplit, then we have

(QX17 [:udXJ) = (QX27 [:UgQD
if and only if X5 is a G-inner form of X;.

Proof. If X5 is a G-inner form of X, then (X3); is G-isomorphic to (X)z, hence we have Qx, = Qx,, also
from definition 0 = [cx, x,] = [,u‘)i(l] — [uSl(z] in H(k,Outx, (Hy)) = H'(k, Auty(X1)).

If (Qx,, [1%,]) = (Qx,, [1%,]), from Qx, = Qx,, we know that X; and X, are Gy, isomorphic, and from
proposition 7.2 [cx,,x,] = [1%,] — [#%,] = 0 in H'(k, Outx, (H1)) = H'(k, Aut4(X1)), hence X, is a G-inner
form of Xj. O
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