GENERIC REPRESENTATIONS FOR UNITARY GROUPS
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1. INTRODUCTION

This is a study note for the [GJROI] paper where they proved for the quasisplit unitary group in three
variables, every tempered packet of cuspidal automorphic representation contains a globally generic repre-
sentation.

2. GLOBAL AND LOCAL BESSEL DISTRIBUTIONS

Suppose that G is a reductive group defined and quasi-split over a number field F', let N be the maximal
unipotent subgroup in G' and 6 a character of N(Fy) trivial on N(F') and generic. Let 7 be a cuspidal
automorphic representation of G(Fy) and V the isotypic component of the space of cusp forms corresponding
to m, if ¢ is a smooth vector in V', we set

W() = / S(n)(n) dn
N(F)\N(Fy)

we say that 7w is globally generic with respect to 6 if the linear form W is not identically zero. If W is
non-zero, then for each place v, 7, is generic with respect to 6,,.

We may decompose V' = Vi @ Vy with V7 the closure of the kernel of the map ¢ — Wy. The repre-
sentation on Vj is irreducible. It is generally conjectured that inside a tempered L-packet of automorphic
representations, there is exactly one component which is generic with respect to the given generic character
0.

For 7 as above, we define a global Bessel distribution as

T () =Y W(p(f)$)W($)
@

here the sum is over an orthogonal basis of Vj.
At a place v, we may define the local Bessel distribution as

By(fo) = Wylmo(fo)0)Ws(9)
¢

this distribution is defined up to a positive factor.
It follows from the local uniqueness that the global Bessel distribution decomposes as in infinite product
of the local Bessel distributions

Jo(f) = C[] Bu(fo) for f = ®f,

the question at hand is to compute the constant in terms of L-functions attached to 7.

Let E/F be a quadratic extension of number fields with Galois group {1,0}, we write o(z) = Z, we let
U; the unitary group in one variable, we denote by G the group GL(3) regarded as an algebraic group over
E and we denote Z its center. We let H be the group GL3(F') regarded as an algebraic group over F' and
we denote by Zp its center. We say that a II is distinguished by H(Fj) if the central character w of II is
trivial on F,* and there is a form ¢ in the space of II such that

7(¢) = | o(h) dh # 0
Zy (A)H(F)\H(Fy)
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It is a result of Flicker that II is distinguished if and only if the Asai L-function attached to II has a pole at
s = 1. It is another result of Flicker that if II is distinguished, then 117 = II. The condition of symmetry is
equivalent to II being the standard base change of a tempered stable packet of automorphic representation
of the unitary group. This fact is predicted by the analysis of the potential pole of the Asai L-function in
terms of the L-group.

Our main tool is the relative trace formula, the relative trace formula used here was first discussed in [Y]
in the context of G L.

3. SKETECH OF THE RELATIVE TRACE FORMULA

If f is a smooth function of compact support on GL3(FEj4) we define a kernel

K = -1 d
£(#9) /Z e (feg;mf(x Eyz)w(2)) dz

our main object of study is the distribution

J(f) = / / Ky (hin) 0(n) dndh
H(F)Zpu (Fa)\H(Fy) Y N(E)\N(Ex)

this distribution can be computed in terms of the symmetric space
G ={seGL3(E) : ss=1}
There is a smooth function of compact support ® on &(Fy) such that
Pg) = [ flhg) dn
H(F))
then

J(f) = ® (@ &nu))f(n)dn ((u) du

/N<E>\N(EA) /Ul<F>\U1<FA> cco(r)

then

J(f) = / J(uda, ®)C() du
Z Ul(FA\)

acEX
Likewise, we can consider the unitary group U for the Hermitian matrix w, the group is defined by
g'wg = w. We denote A’ the group of diagonal matrices, by N’ the group of upper triangular matrices with
unit diagonal in U and by Zy the center of U. Let f’ be a smooth function of compact support on U(Fy),
we construct a kernel
Kpu(oo) = [ > e e)) ds

Zu(F1)/Zu(F) ¢cy(r)

and the distribution
J/(f/) = /Kf/(nl,ng)ﬁl(nl)ﬁl(ng)dnl d?’LQ
then
T(f) = I (uda, () du

(o3

After a matching of local orbital integrals, we have
J(f)=T(f)
As usual, we may decompose the kernel K and K’ with respect to the cuspidal data, for the cuspidal
data x for G and the cuspidal data x' for U, we obtain a kernel K, and K, we define a corresponding
distribution J, (f) (resp. Jy/(f”)).

Let x be a cuspidal representation with central character w, then J, (f) = 0 unless x is distinguished by
H. Now if y is distinguished, it follows that we have an identity

T ()= Jv(f)
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where the sum on the right is over all x’ such that the unramified representation ®,¢g X, is the image of
the unramified representation ®,,¢g, x5, under the standard base change. From the formula, it follows that
there is at least one x’ such that J,s # 0. This implies x’ is globally generic.

A natural question is to ask whether the sum on the right has only one term, thanks to the local result,
we can prove this and we have an identity

4. FACTORIZATION OF THE PERIOD

If IT is distinguished we will need to express the linear form

T (¢) = / o(h) dh
Zu (Fa)H(F)\H(Fy)

on the space of II as a product of local linear forms.
Let @ be a Schwartz-Bruhat function on F}' and ¢ a vector in II, set

Wig)i= [ olug)fin) dn
we set

U(s, W, ®) := / W (eh)[(0,0, -+, 1)h]|det h|* dh
N(EO\H(Fy)

we assume that W and ® are product of local functions. We choose Sj sufficiently large so that outside S
the function W, is K,-invariant and outside So, ®,, is the characteristic function of Oy .

Let S; be the set of places in Sy which are inert in E and let Ss be the set of places in Sy which split in
E, from the theory of Zeta integrals, we have

[om( Y alch) fdet bl dh = a(s, W, )
¢eFn—0
= L% (s, 11, Asai) x ] ©(s,Wo, @) [ (s, Wy, Wy, @)
vo€S; voESs
Taking residue at s = 1, we get
cT(9) / ®(z) de = Ress—y L (s, I1, Asai)
< [ v, w, @) [[ w0, W, W, ®u)
vo €S vo €S
For a suitable constant ¢/, we get
T (#) = Ress—y L (5,11, Asai) H Too (Wy) H Too Wy, @ Way,)
voE€S; vo €S

Definition 4.1. We define the relative global Bessel distribution Jpy as follows: if f is a smooth function of
compact support, K-finite on both sides, then we set

Ju(f) = Z T (w(f)vi) W(vi)

Definition 4.2. For vy € 5;, we introduce a local relative Bessel distribution B,,,, if f,, is K,,-finite, it is
then given by

Buo(f) = Tuy (Mg (£)$)Way (6)
¢

Assume f = fof°, we then find that the global distribution Ji1(f) can be written as
Ju(f)=e() T Buy(fuo)

vo€So
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5. THE DISCRETE PART OF THE TRACE FORMULA

For any smooth function of compact support, we have

J(f) = Z Jx(f)+z Jm(f)

discrete 1

In the first sum, x appears if it is represented by a pair (M, 7) where 7 is a distinguished representation of
M. Explicitly, the possibilities are M = G, M is of type (2,1) and M = A.
6. CONCLUSION
We are now ready to prove the main result

Theorem 6.1. Any stable tempered packet of cuspidal representations of U contains a globally generic
representation.

Proof. The packet has for base change a single irreducible cuspidal representation IT of GL(3, Es). By the
results discussed in the second section the representation II is distinguished. If f and f’ have matching
integrals, the absolute convergence of the relative trace formula allows us to write

Tn(f) =Y Ju(f)

where the sum is over all the members of the packet. Since the distribution Jp(f) is a product of local
relative Bessel distributions, we can choose a function f satisfying the simplifying assumption such that the
left handside is nonzero, it follows that the right hand side is nonzero and there is at least one 7 such that
JL(f') # 0, such a 7 is generic. O

Remark 6.2. The same proof applies to the case of an endoscopic packet by considering the discrete, non-
cuspidal part of the trace formula.

‘We can also prove a local result

Theorem 6.3. Let E/F be a local quadratic extension, any tempered L-packet of U(F') contains exactly one
generic component.

We have the following corollary

Theorem 6.4. Suppose that w is a cuspidal autormophic representation of U(Fy) such that m,, is generic
for every place vy, then w is globally generic.

As a consequence, we get
Ju(f) = J(f")
in the previous equality.
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